
MAT 330/681 Lecture 22 4126/2021

Recall from last lecture :

Xa
,
Xz
,
Xz, - - . be

a sequence of independent identically distributed ( iid)
random variables

,
with finite meany - E(Xi) and variance 81 Verlxi) .

In := X1+k-+ sample average

WeakLawofLargeNomb For all E>0
,

i. e.
, In#mhim P( HIM > E) = 0 .

In
converges (in probability) top ER .

n- a

centrallimittheorem-CBebyversi.in#:
a
-EElimp / II ⇐ a) =P / 2- 2- a) =÷rf→e d⇐I(a)

.

n→n %
[ 2- ~ Normal (0/1)

"" "

d- 2- ~Normally,
standard Normal

✗÷ converges fin distribution) to a
standard normal random variable

.

Note. This gives information on
" how

"

☒_H→O; as stated above-

(UN) .

Exercise. Suppose 10 fair dice are rolled
.

Use the CLT to

approximate the probability that the sum of the

results is between 30 and 40
.



Let Xs
,
Xz

, . . ,

✗
so be the reacts

from coach of the to dice
. ( iid)

EH;) _-1t2tj = 2- =p
Var (Xi) = - -

- = 3¥ =o2

I. = %+;j-+
✗ = 10 XI = ✗at - - - + ✗so integer

valued .

P(29.5£ ✗ c- 40.5) =P (2.95s XIE 4.05)
⇒ f÷÷×÷÷,s"÷÷)
⇒ f÷¥÷¥÷e÷¥)

III. Pf ⇐ a) =P / 2- ⇐ a) -1.0184 ¥0184

P( ¥-1T a- a) =P/Zsa)
approx .

I P(-1.0184 EZE 1.0184
Ela)=PlZ- ☒ (1.0184) - ☒ (-1.0*4)
OIL- a) =L - Ela)



= 21-(1-0184) -1

E- 2- 0.8461-1--0.6922 = 69.22%
-

Exercise: Suppose an astronomer measures the distance (in light-years)

to a distant star . Due to atmospheric conditions and equipment

imprecision ,
a small normally distributed error is expectedin

every
measurement . If a sequence of

measurements yield, iid

results with common average uh
=D
,
and common

variance 4
,

how
many

measurements should be made so that/
=D

is accurate without 0.5 lightyear
with certainty 795%?

✗i = result of the ith measurement ( iid)

EW =p
=D

, Vorlxi) = 02--4 .

☒ = X1tXzt--tXu_
u

want n large enough so that : |PHI - DI c- 0.5)=¥ .

CLT :

tim P(%÷ ⇐ a)⇒G- c- a) §¥¥
n→ or

justifies the approx .

, for n soft. large :

P c- a) a Plea)



Using this approx , we treat P( IXT-d) ≤ 0.57=9%0 as follows :

E. =P / ≤ E.) =P ≤ E)EPI#¥
=P(z≤ of )_Ñ(z≤-¥)=¥-1

Need :

2$ / Ey ) - 1=0.95
OI = 1-25-9--0.975.

≈
1.96

From table
, ¥ ≈ 1.96 , which means n≈4? 1.96%61.47 .

So need at least 62 measurements to achieve the
-

desired 95% accuracy. (Assuming CLT gives good enough)approx .
when n=62

.

Remar
To avoid using any approx , one can instead

- pE④ÉÉ(xil-r-d.br/IiE'varnxi)-=4-nuse Chebyshev :

16

p☒ - dl > 0 -5) ≤ n¥p = = -0.05

then would need n=② = 320
0.05 _

Measurements
.



EI: Suppose the
number of students that enroll in calculus is e

Poisson random variable with average f-
too

. If more than The

enroll
,
the University will split the class in 2 sections

,

while if less than 120 enroll
,
there will be a single section

.

What is the probability there will be 2 sections ?

teal : If ✗ n Poisson (7) , then :
1=100

Efx)=7 , Verk)=Ato

PCX > no)= Eé
"

:q
e- 120 pli)=plX=i)=é

"?

=e→•É÷¥ Plan) - e-
" É
i..

?÷
using a 1--120

Fromlectuedl:computer¥ g. pzgz 2.8④
- XIN Poisson (1)

,

Xzn Poisson

⇒ Xztxzn Poisson (4+12)We can use CLT to find an

approximation ;

✗ - Poisson (doo)

✗ = ✗ ytxzt - - -+ Xiao

Xi - Poisson (1) , Xi iid

integer valued

PIX> Eco)ÉP( X> 119.5)
=P/Xst - - - + ✗soo 7119.5)

Ñao= X11-jjjtk-EH.at/=ElXit-1Vor(XToo)--,!-.VerlXi)
=L

.



PIk•> 11¥) - PHI > 1.195)
= 0.19¥

=
1.95

→(÷÷→"÷÷)
=P 1*51=>1.95)
CLT

XP (2-31.95)=1-1-(1-95)
I 1- 0.9744 = 0.0256
←

2.
Centrallimittheorem ( Grown - up version) .

may have different

←
distributions (need notbe

ii.a)
Let ✗1

,
Xz
,
. . .

be a sequence of ind¥
random variables . with

µi=E(Xi)
and É= Varfxi) . If ✗i are uniformly bounded

i. e. there exists MEIR s -

t
- for all i, Pf /✗item) -1;

and

[ of = + *, then for all HER 2- ~ Normal lad
+ =L m µ Standard normal

.

E(Xi-µi)
tin P(i=§¥ ⇐ a) =P /2- c- a) =0I(a) .h→ a



" e
" lettings? := £9

?

In Xi -µ :) d- 2- no Normdlon)
i=1

'

n' = 1

We will not give a proof, but let us see how to

recover the Baby version of CLT from it :

has limit

E- (✗ i)=µi=µ .

<IT
""form boundedness

+, a. no,

if 6>0
.

n f
Ver /Xi) = 9.2=0? ⇒ sE= [ 9? -_ n .

02
⇒ Sir. o

.

i =L

n

rn.t.E.H-N-r://E.li/-nr)--I-.(nIn-nr)=r;-lxi-r)--xi-nT
He

2-
so this reduces to what we had seen before ,

B¥T: ¥÷d→z .


