
MAT330/681 Lecture 20 4/19/2021

Moment Generating functions
#

Def: the moment generating function of a random variable X

is the function M : I → R
given by Mft) = Ele

"

) .

interval around)
Zero

.

In other words
, if X is discrete :

Mlt) =E(et×) - ⇐ et !
P

p*pµ⇒ i. the mob .

instead
, if X is continuous : mass function of X .

Mlttefetx) - ft! et ! flxlydx
ft) is the p - d-f.

Recd : Moments of a random variable X fore?

Ist moment : E (X) =M' (o)

2nd moment : Elk) = M
" (o)

3rd moment : E (X') - M
" (o)

;

n
" moment : E (Xn) = M

" lo)



MAI - Efetx )

MCO) = Efe" ) - E ( 1) = I .

• first derivative of Moment generating function et t - o :

Nlt) - off Efetx ) - Effete
" )=E( etx . X)

N' lo) - Elem. X) - Efx) .

• Second derivative of-
-1- :

M
" HI - ft Mtl - ftp.Efetx.x/=EfdatetX.x)=EfetX.X2)

M
"

lol - Elem. XY - Elk) .

• Similarly , taking m
derivatives of Nlt) gives

:

M
"

ft) - Efetx. Xn)
M
" Cole Elem . X

"

) - Efx) .

←

n'Img.mu

Reared: this means that the Taylor Series of MH at t -- o is :

gM"n tn-1-EIXIttEHI.tt EH÷t't . . - tE¥Itn+ . . .



Eixample :

I Read
XN Binomial Cup) EH) -- n- p

pix) = pics - p)
"-× verlxt-n.ph- p) .

MH) -- Ele
" ) - Eo etxp =

et' pics-pin
- ×

n

= Eo ( etp'T le- N
""

= (etp + e- p )
a- Y wa Y

Mkt (etpt I - r)
"

M
'

Itt n (etptt - p)
"- t

. (etp) ⇒ N'lol- up = Efx)

M
"

HI - Hu - s) (etpts-pY-Zfetpf-ufetpi.is- p)
"-

7(etp)
M
"

lol - uh -Hp
'

+ up =npKn-Hp + D= END
E. g., Verk) - ENT - ENT

=
M
"

lo) - (MyoD
'

= npku -Dpt s) - (npf
= up kn - 1) pts - up) = np ( I - p)
-

Xp- htt -nip



Xu Exponential (A) Recall :

ffx)={ AE
"
if x> o Efx) - I

0 otherwise Varfx)- Iz

MH - Eletx ) - f!! etxflxldx-fjoetx.ae- "dx
= af!

-

e-
"" ''

dx= X. stings! e-
Htt 'd,

→ ÷t÷H⇒÷.
-

A - t > o tf if I -t > o
l X
=
-

A - t

Mlt) - It if tea

M'lH=dft(

n.IT/=p#p---M4ot-Af--f--EKlMltl-eff*)-µ2÷p⇒M" lol -- 2ft -- ¥ - ENT
Verk) -- ENT - EINEM " lol - N' lol)

'

- E. - faffs



- Recall :Xv Normally ,d) t Ekta
fxlxl -÷

,

e- valid -- a

First
,
consider a studd normal :

2- n Normal (0,1)

fzfz)=⇐,

e
- IZZ

MzfH=E(et
? ) - [jet' te

- ¥dz=f*f!e-¥+↳dz
← ¥. e-⇐t±dz=e'÷ - ⇐d

.

Ek
Tissot

= e - ft!e-%ds=E
Upshot . Mzft)=et%=EfetZ )
Back to X : X - put

OZ ( standardization)
.

Mxltl-Efetxl.EfetrttoZ.Efetn.e.to )
=etnE( eta ) = etrmzltd-etnetdketm.EE
-

= Mzlto)



Upshot : M×HI= etat the

The
magic of Moment Generating functions

theorem. Suppose that Mxlt) - Ele
" ) is well - deferred in

an open
interval around x - o

.

Then the distribution of

X is uniquely determined by the function Mxlt) .

EI suppose X has M×fH= It if t - I

then ; XN Exponential (1)
to

t.gs Suppose Y has Mylttftzltolett 1111 ( ETI)
then : Yn Binomial (do, I) . - feet -it -IT

Another way
to use

this
.

If XY are independent random variables
, ind

M×+ylH=E(etkt
"
)=Efetx . et ")EEfet9EfetY)
--

Mxltl Myth

Mxtyltl-Mxltl.my It)



So
, e.g. , if Xs n Normal Gus, q2) are indep, then :

Xz - Normally, ay

Mxatxzlt) = My.lt/-MxeftI=(etm-tt2#je/tmtt2oIy=etMttEEttyz+t2gI
tf. +Mt Ekta)

← M×zft)= e

where Xz N Normally.tn, a'ta)
By the dare thin , it follow, that

Xst Xz N Normal faith , a'ta) .



Conditional expectation
-

i

Disses :

Probability mass function of X given that Y --y ;

Pay lay)=P(X=xH=y)=PHf! = PxHPyle )
continuousness :

Probability density function of X given that Y=y ;

fxlylxmt-fx.ylx.gl
¥

if fyly) > o

Conditional expectation .
#

-

Discrete . :

EIXIY - y ) = §xP(Xix l 't- y) - [ xpxiylx.at- x

Pxlylxiy )
cont . v.v . .

-

EHLY - g) = ftp.xfxlyfx.yldx



couditionolexpectationasarondomtdvi.be#.glyl=EfXlY--
y) is a function of y

This defines a random variable g (Y); denoted

E (x ly) .

a- is itself a random
variable

,
that takes value

E.(XH=y ) when Y takes
value

y

Q: EFECHYD = ?

Ai couditioualExpectatoonformihdsforb.lt/EfEfXlYD-Efx) .

Tosi:b.: )
PL: Hnmimgxjdisarete.IE/EfXlYD--EyEfxlY--y)pyly1--Ey&XPyylxiy)py

ly )



= § § x
Pkyl

' PH

= { x px.ylx.gl/--&xpxlx)
-

pxlx) = Efx)
.

(compare with : ) a

pfet-PFEIHPffltt.IE/F4PfF9

Exercise: A miner is trapped in a mine with 3 doors .

EXIT 13h)

nor .⇒**÷÷÷÷÷÷:÷.÷- reach exit ?

8¥" X = # hours until exit

£ y = door chosen
.

Eat : Efx) -- Efx 14--4144=1)
+ ECXIY -- 2) PH --2)
+ E ( X 14=3) P(Y=3)



= 13¥ 1) tELxgtED
EIXH -1) =3

Eff III. Effy }# It t7t)
= 1345+2 Efx)

thus : E- ( X) -- 5 + BE

IE (x ) -- 5 ⇒E(X)=


