
MAT330/681 Lecture 21 4/21/2021

&.
What can be said about random variables when

you
don't

know their distribution?

Marhbvtuequelityprop
: If X is a random variable that only assumes nonnegative

valves
,
then for all a > O :
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Since Ilx) Etta for all x > 0
, taking expected robes :
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Chebyshev 's Inequality-
Prof . If X is a random variable with finite mean

y
= EIX)

,
and variance 07 Var (X) , then th>o :

PHX-pl > K) c- II .
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Measure of how I Read :

eqx.my,much X deviates Nor# =
from its mean

Pt: IX-al > hi ⇐ lx-rl3.KZ a

Apply Markov 's inequality
with a = K2 :

PHX-Man) =P (Ix-ri> a) EEHX = out .
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EI: Suppose that a fishing boat collects 50 fish each

week , on average .
There is no information on the exact distribution .

a) How large is the probability that the fishing boat

collects more
than 75 fish in a given

week?

X= # fish collected on a given week. ⇐ o)

P ( Xx 75) E EIJI = Ffs =3 .



b) If the variance in the number of fish

collected each week is 25
, find a

lower

bound for the probability that the number

of fish collected in a week is between 40 and 60 .

f-
EH) - 50 , ok Varfx) - 25.

P( Got XE 60) =P( IX-al Eto ) - I- PHX-Meo) >1-4=3 .
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b/c by Chebyshev 's ineq :
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Weak Law of Large Numbers .

-

Prof: Let Xs, Xz, Xz, . . . be a sequence of independent identically
distributed ( iid) random variables with finite mean y=E(Xi) .
Then HE > o
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Using Chebyshev 's inequality on XT :
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P ( IXI -al > e) = o as desired
.
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ceutrallimittheorem-CBabyversi.nl.
Let Xa

,
Xz
,
Xz
,
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be a sequence of
iid random variables with

mean fr
=E(Xi) and variance oEVer(Xi) .

Then for all a EIR standard normal
random variable

2-n Normal (0,1) .
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Lemmy : let Zeitz , - - . be a sequence of random variables with

c. d. f . Fzn and moment generating function Mzn .

Let 2-

be a random variable with c - d- f . Fz and moment gen .

function Mz . If Mznft)→Mzft) for all t , then

Fault)→ fzft) for all t at
which Fz is continuous .

From loot class : If 2- n Normal (0,1) , then Mzft)=et%
.

We will use the above Lemma as follows :
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,

then

Fznltl → Felt) =P (2- Et) - ¥
.

Stage-%dz .



Pfofcht: Assume µ=o
and a- I

.

Let MH) be the moment generating function of Xi .
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Moreover
,
the moment generating function of ¥ is
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By the Lemme
,
it suffices to show
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, for all t , we have :
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The general version (without assuming 1--0
and a-1)

follows from applying
the above version

to the
" standardized

"

random variables In. := Xi-f , noting that

El 1=0 and Ver ( Ii) - 1 .

a

Rink (If you know some
Real Analysis) : The convergence

in the CLT :

he:P ⇐ a) =PHea)
is not only pointwise but also uniform in a .


