
MAT 330/681 Lecture 10 3/8/2021

Recaps: sample space
←

X : r - IR
( discrete) random variable

Expected value / Expectation of X :

Ek) = ⇐ " '

P¥Y probability mass

function

Def: Expected value of a function of a random variable :

g : R - IR function

Elglxl) = ⇐ glx7P(X=x)
-
-

itself 9 pix)

a random
variable

glx) takes value glx)
when X takes value x .

EI: X = result of rolling I die

glxtx
Efx) = 1. tf t 2. tf t 3.1g +4.16+5.61+6

. f- =-3

ELGIN) -- E . 16+22.16+5.16+4? ft s?ft 6? I =
' 62

Second

XZ = 91 ← moment

6 of X.



Def: The expected value of Xn=g(X) where gaa=xn
is called the enthronement of X .

( nth moment of X) = E (Xn) ,

n - 1,23 - - -

Note. Expected value is(also often called means)
Variance
-

Def: Let X be a random variable
,
and set yet - Efx).

The variance of X is deferred as :

Verk) - EH ← Elglxl)

= {Kripal .
841=475--5-zyutuz

Prod : Varlx) -- Elk) - ENT
Pdi Vor = €Cxy5pcx) = €42 - zxrty7pk)

= {x'pad - 2q§xplx) +pi ⇐pk
)

- -
-

Elk) Efx)=µ
=L

= Elk)-2pEYtF
m

= ENT - arity
= END -y

'

= Elle)- ENT
.

a



From the example above : X - result of rolling I die

f- EIX) - Z , Eli) - ft .

Varlx) - Elk) - ENT - E - ⇐5--11-41=334
A

Interpretations of Ek) and ValX)
-

E(X) =p
mean ← Measuring X several tonnes, typically,

the value observed will be nearer .

(the limit as the # of observations

goes to to is equal toy)
See example w/ simulation

in the

next video !

Vor (X) - o
'

← Note : work) = § Cx-r5p 30

% a-Ey is well- defined, and is

called standard deviation
-

large0 small variance
variance

concentrated large spread
valves in of observed

values
observations

( again centered
(near

µ) around µ, but

wider distribution) .

"
less risky , " wild swings,not too many

charges
" very volatile

"



EI: Suppose you flip a four coin PCT) --PCH) =L
to play 2 possible games :

Gannett. You win * I. as if H

lose $0.50 if T

Gamet: you win
'$5.00 if H

lose $ 6.as if T

Ag earnings from playing Game A

-n-n
- B

.

It is

only advantageous
to play

E( A) =ftp.tztf-O.5.tz-O.25.gso/GomeAEfB7=ft5
) - 1a t f- 6) . 12 = - so

Vala) = E ( AZ) - E(AT = 12 . It fast? I - ( 0.255
-
e-

= 0.5625
-

Vor (B) = ECB) - ECB)
'

= 52. It C-65.1 - f- asf
- -

=
30.25

Et . Most profitable strategy E T Game B is

is to M¥A . much riskier

(Or, if you can design
" derivatives " on thou Game A .

Gane B
,
then you could

also exploit its large volatility without actually playing it)
.



linearityofexpect.at#
Let X :S - IR be a (discrete) random variable

.

Im X = ( Xs
,
Xz
, .
. . ,
xn)e-

Values assumed

by X .

Let Si be the event that X takes robe xi :

Si = ( X- xi) = Iser : Xls) - Xi ) .

#
as a

subset

Lemme: Efx)=€z Ks) p
← Mj!:&:"g×

Er .

Pt: Efx) - ⇐ xiP(XSi
= ? Xi P(Si)

= ? Xi { pls)
SE Si

if sesi , = ? s§
,

Xi pls)
men Xist"

?
qq.es

,

XIs) - P"

Easier
,

Ks) . pls) .

and Si are
= I

mutually exclusive . LT
S E -2



Prof .. Let Xs
,
Xz

,
- . .

Xu be discrete random variables
.

91
,
Az , - - , ay

be real numbers .

←
"

linearity "

E- ( ask.tk/lzt---tanXu)-asECXs)+azECXz)t---tauEfXd
-

Pfe Note that

2- ← as Xist - - - tank is itself a discrete random verobf

that takes value aint . .
- tank

when Xtc - - ill

take valve Xa
,
- - -

,
xn .

By Prop . above
:

E( a.Xist - - - tank) - Efe)=§g is) - pls)

=s§z(asXslDt - - - tank
- pls)
-

2-Is)

= far as pls) t - - - tfeanxnls) pls)

= as Earth pls) t- - tan#Xu pls)

- -

Elks) ECXU)

= as Elxs) t - - - tan Efxn). ①



Covariance

Def : Let X andy be (discrete random variables
.

Calx ,D= E ((X - EKD .
( Y- END)

Prof: Cov (KY) -- E ( X . Y) - Efx) ELY)

Pt: Cov (KY) = E ( (X-EAD . (Y- END)
= E ( X. Y - XEH) - Y . Efx) + ECXIEHD

FR EE Tflinewidth Efx . y) - E EH) - ECHtEH¥) .

= Efx. Y) - Efx) EN) . a

Interpretation: Cov (X, y) is a measure of joint variability
of X and Y ,

Def : The coercer between
X and Y as

Pia, =
Gu

=

yg
Extra ox . oy

Note : X and Y are independent⇐ Cov (X. 4) = O
⇐ ELX . Y) = ECX) . Ely)

⇒ pay - o



Facts : Var ( a Xtby) = a' Varlx) +b' tarty) + Lab Corky) .

Cov (X
,

=

ECX.nl?,-EhDE4yD--ECX7-EfX5=VarCx)
.


