
MA-1320/640 Lecture 9 10/4/2021

Reece : liminf su = him inflsn : n> NJ
n- N

N → a

lineup su = him sup { su : n > N }
n- n N → or

Properties: • liminf sue limsupsn
n→o

n→ a

= ←→ Sn- L __ bmirfsn-busup.sn
horn n→d

• limsvpsn.tn = s . limnptn
n → or

h- o

if Su → s ( including if hmaptn = ± a)
h→n

theorem .

Let Isn) new be a

sequence
such that sn =/ o

for all men .

Then

him into / sn÷ / c- liminflsn /
% shmaplsnl

#
⇐ hmap /EI / .

n - o h- o n→• h→N

PI : Focus on the last inequality ( the others are trivial oranalogous) .hmaplsnit:< hmap /¥-1 .

n→* h→N

III.
L

There is nothing to be done if L - ta
,
so assume Ko .



Proving ✗ c- L is equivalent to proving that

✗ c- Ls for all ↳ > L
.

↳ bmap Is;÷/=bm sup / 15¥ / : n > N }<↳
h - w N→N

Thus 3- NEIN
,

such that sup } / sn+÷ / in> N } < Lz .

Note that 4¥ / < ↳ for all n>N .

* 1¥11 :÷H÷:| - - - ¥4K
¥É=-N

so Isnt < LEN .HN/=Li.a ,
where a=l[¥ . Taking nth roots of both sides :

lsnih < ↳ a
"

for all n> N

Since bin ak=1
,

lemsep Isn /
"
Ely . hma%±↳

n→

y
"

÷



Thus ✗ 2- ↳ ( for all ls>L) , so ✗ EL as desired
.

☐

GI: If 1%-1-1→ L
,
then Isnt " → L

.

Series.

Sum
.É an = astaz + as + . . . + an + . . .

←
an infinite

( n- 1
>

sequence of partial sums of the series Ian :

M = I

51--91

Sz = AI t Az

S3 = A1 -1 hz + 93

i
n

Sn = As + az + a> + -
- - + an = [ Ak

K =L¥Étm
of the series [ an .

nor

Dif: The series Ian converts to L if and only of
M- l

n

the
sequence

Sn := [ ax converges
to L

.

K=L

( ie.VE>0 3- NEIN , naw ⇒ Isn -4 < E.)



Moreover
, [ an couvergesabsoluteg if the

hot

to

series [ 1am converges .

h= I

Ggmetnicser.es. rate
to I
[an=[ ao.ru anta - an -

r for some r€R
n=0 n=o for all MENU / 01 .

First term : a.
← WLOG : a. =/ 0 .

2nd term : as = air

3rd term : az-ajr-ao.tt
4th term : hz = hz.ir = ajrZ-ao.rs

;

(n+z)th term : an = - -
-

= ao.ir
"

.

to

theorem : [ aor
"

converges if and only if 14<1,
h- o to

in which case
, [ aor

"

=
←

h=o 1 - r

to

PI: Partial sums of { air" are:

N= O

n

Sn = [ Aor
"

= ao +ao.rtao.ir?t---tao.r~h=O



Sn = Ao tar +9¥ tf - -

taorf-su.r-a.r-af-ar1-y-ao.ru#Sn-Sn.r--ao-ao.rn+1Sn(
1- D= a. 11 - r

""

)
Ifr -41 , then:

Su = aoÉ for all MEIN
.

d- r

The sequence Su = aoÉ converges if
d- r

end only if rt1 and burnt exists, which
holds of

men

and only if 14<1 , in which case lemr
""

_-o :
men

to
1-r→°

[ ao.vn = line ao- =hon
→ as I - r 1 - r

'

n =D

too

If $171 , then [ ao.ir
"

diverges, bk so does
N = 0

the
sequence of partial sums . ☐



Why is it called
"

geometric
"

series ?

Area =L

¥
Kb

""

%,
= 12+12

1/8
44

= 12+1
,

+ &
,

= { t{ +1Gt §
- . . = { + Igt 1g -1¥ +§zt - - -

.EE#ih--
0

÷÷=÷÷÷=÷→ .

a-of T

Ao=r= 1g



theorem ( Cauchy Criterion)
.

The series ⇐ an converges

if and only if
HE >0 ZNEIN such that

n>m > N ⇒ I É ax / < EK=Mt1

✓
= await - - - 1-an

PI: Consider the
sequence of partial sums

,

n

Sn = [ ax .

This
sequence (a)new is Cauchy

k=1

if and only if HE > 0 3- NEIN s .t .

n > m > N ⇒ Isn - Sm / < E

n
Sn = ¥19k = his + Az t - -

- + am + -
- - - t an

Isn - sm / =/ Eax / < E.Sm -- { Ak = a, + azt - - - + amI
, ✗=mt1

Sn - Sun = Aunty + Amtzt - - - + an = § Ah,

⇐m.

}
The

sequence Ian
is Cauchy if and only if

it
converges .

☐
too

Conolly :(
"

nth term test
") .
If Ean converges , then

n=1

him An -0
.

n - o



PI : Apply Thm ( Cauchy criterion) w/ n=m+1 :

[an converges ⇒
HE > o 3- NEN

he 1

n > N ⇒ / Ian, / < E ie . Ian / < E.

K-N÷
An

i. e. him an -0 .

☐
n-noo

Exanple_ : [ nn¥÷z does not converge .

n=1

b/c an -
Ñ has hunt hwan

_- 1=10
.

Ñ+n+7 h→o

Warning:
"

converse
"

to nth term test fails :
the harmonic series

&

[ In - I + It 13+14 + - - -
a-1

diverges , but him In _- o
,

h → to



ComparisonTest
-

Let [an be a series w/ auzo for all new .

N= 1

Ii) If [an converges
and Ibn/ fan, then ,

h =\

then Ébn converges .
h= I

N

Iii ) If Ean - + • and bnzan.V-n.cn
,

h=l

then [ bn -- + ao ,

n =L

N Cauchy
4) { an converges

→ HE >0 FNGAIU set .
Criterion u

n→ NZM >N⇒ Eax < E.
triangle

imeq.h-mtfylbxk-an.in/Ebn./-EElbx-Ean.;(¥÷!÷!÷:)Since
want , a-

mtlh-MHHbm.ibm.at-
- - + bnl-clbmt.lt/bm+e1+---+lbnl) we conclude | { by/ < [ ,k=Mtl
to

thus Ebn converges , by the Cauchy criterion
.

h=l

n

Iiit Let sn= [ ax.tn . [ b× be
k=1 ✗=L

the
sequences of partial sums .



[ an -- to ←→ him Sir = to
n-ao

M - 1

Since bn
,
> are the ⇒ tn > Sn th

, by

the above
,
we have him tn = to

;
which

, by
h → or

a

definition , gives Ebn= to .

☐
M=\

Corollary . Absolute convergence → convergence

PI. Apply c) with an _- Ibn /
,
to conclude that

too
to *

E. Ibn ) converges ⇒ [ bn converges .[ an =
n= ,

M- I h= I
☐

andbnlzbn

Root Test
-

Let [ an be a series
,

and let ✗ = limsup / an /£
M→N

n =\

too

lil If ✗ < 1
,
then [ an converges absolutely .

h=l

to

Iii) If ✗ > 1
,

then [ an diverges
N= I

iii) If ✗ =L
,
then test is inconclusive (Eau may

he 1

diverge or converge) .



Ratio Test
-

Let Élan be a series with an -1-0
,

then
.

then
:

N - I

too

c) If limsup / II / < 1 , then [ an converges absolutelyM→ or h=l

to

Iii) If thing /1¥ / > 1 , then Ean diverges
m= 1

Ciii ) If t.mil/anI/s1slinsp1aI- 1. thenm →N m- oo

the test is inconclusive ( Ean may diverge or

n⇒

converge . )
.

Proof (Root test) ✗ = lims.gs/an/h=1n-ao
R

R-
"

radius of
fi) As ✗ < 1

,
there exists E > o such that convergence

"

✗ + E C1
.

*

a- { ✗ ✗+2 1 As ✗ = him sup { Hulk : n> N } , thereN→o

exists NEIN such that

a- [ < xp / Ian / " in >Nfc ✗ +Ect

Therefore Octant ! < ✗ + [ for all h> N .



Taking n
"

power : Ian / < @+25<1 for ell n>N .

Consider the Geometric Series É @ +e)?

n=N+1Fr=
✗+2<1Since its ratio V= 9+2<1

,
this

geometric series

converges . By Comparison Test :
to too

[ Ian / < [cater < + a
m=Nt1 K=Nt1

too too

i. e- [ lent < too
,

and thus [ haul < so
,

M=Nt1 h=1

N to
because Élan = [fault Elan / < to

.

h =/ n=1

7- n=;÷
finite converges
number by the above

fii) If ✗ = bunsup Ian / I > 1
,

there exists a
m → to

subsequence 1am, / such
that 1am

, /→ ✗ > 1
;

in

particular * 1 for infinitely many n 's
.

so
,
if it exists , then him an -1-0 . By the

n- n



nth term test
,
it follows that [ an diverges .

M=\

Gii ) Test is inconclusive if 9--1
.

Exonptes : [ In too
,

h=1

we will
Hnl" - tin =L

.

n- ao

prove
both

n→• +
yof these

claims next [FiL tooti+
N-7

a- limsup / ¥11m __ ¥
.

=L
.

horn

→

y

bk : n%=(n÷¥-1 ☐

ProI(Ratio test) .
Recall :

dim into / %÷ / c- liminflan /
" shmapla.nl#shmnp/fI-/ .

n - w h- o n→* n→N

I
a) If hmsp / %÷ / < 1 , then ✗ < 1

.

So
,
the

h-o



series Ean converges absolutely by the Root Test
.

he 1

Iii) If diminf /L÷f > 1, then a > 1
,

so

n→ to

the series +Éan diverges by the Root Test .
~ = I

Hii) If t.mil/anE/s1c-lI:pYI- 1. thenm →N

test is inconclusive
.

Exempts : [ In = to
M=1

nh÷a÷=k→÷÷ .tn?--.--s.m-ro
É te - + a

m=I

¥12
himn→a÷=h÷-÷=lm
I

n- n n?-2nt1
=&

.

☐
Remain : Note that Ratio Test folly from the

Root test
;
i.e. Root test is the superior test .


