
MAT 3201640 Lecture 8 9/29/2021

Recap from last lecture :

D-efilsnnc.nu is Cauchy of V-E> 0 3- NEIN such that

if n.vn 7N then Isn - Sm / < E .

We proved last time that ;

(Sn) new is convergent → (G)new is Cauchy

trop . If ☒men is Cauchy , then Csn)neN is bounded .

PI: Take E- 1
;
then there exists NEW s -

t .

if Mim 7N ,

then Isn - sunt CE .=1
,

i. e.

- 1- < Su - sun < 1

Take m=N : -1C Su - SN < 1

Sn - 1 < Snc sN÷,1
for all u>N

T
So

, for nxN ,
all elements in the sequence are in

the interval ( Sw-1, sn -11) - lab) .

Let A- max llsnl } .

Then

b÷-1- En EN

Isn/ EM if MEN

a< snob if n > N

ie . , Isn)n€N is bounded
. ☐



theorem . (Sn)new is Cauchy ⇒ (Sn)new is convergent.

(Ttiis is equivalent to the Completeness Axiom
-

→ existence of
sup of any

nonempty bounded
prod .

First
,
recall we already moved subset • for .

that convergent sequences are Cauchy . (←) .

For the converse (⇒ ,
we will use

that if §n)neµ is a sequence
nah

that timing sn =
lim sp sa =L

,
then

n- o
n→•

the
sequence

is convergent and tin su =L
.

h→N

Since 4) new is Cauchy , for any given E>0,

3- NEIN s.tn . if mm>, N , then

/ Su- sun/ < E , so - EC Su - sun < E and hence

sncsm + e.
That implies that :

Vn := Sup / sn : n>NJE smte for m> N .

Thus un - E E Sm for ell MIN ,
hence

Vn - Es int { Sm : m> N ) . Altogether ;

sup / sni.MN/--VnEinf/sm:m=N3tE
Taking¥5 as N-h sides

,



since sup { sn : n> N }him sup sn= him
n→o Nsw

mfun if Su =
him

n - n
N - N -

We may
we get : choose

Taking
him sup

Sn E µ'm int 5) + E smell .

n→N

n→o

and thus linsupsn ← lrmihfsn .

Thus
n - ao

m - or

the sequence tsunami converges ,
and

him Su =
him nwf su =

tin sup sn .

hug
m→ a h→ a ☐

Intuition : ⑤ ⑤ 53
, Ss , Ss ,④ ,

- - - .

Subsequence d d d d

Sz
,
Sz

, 54,57 , - - -

Deff. If ⇒ new
is
a sequence ,

then a subsequence
of tune ,µ is a sequence (sn×)×⇐µ , where the

assignment
K↳ Uk is an increasing function IN → IN

.

⑤ ⑤ 53
,④ , Ss , 56

,④ ,
- - - .

d d d d

S1
,
S2

, 54,57 , - . . M56f
.
-

M1=1 , nz=2 , has -4 , na -7, n?É§¥?¥-
- u

- n -



Eixample : Su = f- IT .

nZ

For example, we may
consider the

^ subsequence of all positive
elements of su

-

2 4 [ -3
m¥ ;|÷4

s

y
? ?? su ie.16

alternates to

sign , so 2 4 16 Me-2k .

; ; there are 6 36

infinitely'

many positive
4 / 8 1 64

and infinitely many 5. /
1

? 119,0negative elements .
:

y g
, ,µy, ,µ

,

FÉ4h2↳Another subsequence of GD is

the subsequence of all negative elements

sne = C- 1)
"- 1. Get)2=-(2e-Ñ

Me -_ 2L -1

t÷I
1 - 1

-9

z s | -2s4 7 -49

: : :

1 !



Example : an = sin (¥) NEIN

Examples of subsequences of an :
• subsequence of 1 's only

kI / I , I , 1 , 1 , - -
- - }

1

3

4
%2 ¢2,910,9181 - - - }

5

f-
042 faux)×eµ ,

where M*=8(k-1) +2
6 - I i. e. nx= 8k -6 .

7- | -42 • subsequence of odd indices :

8 0 lane / een ,

he -2L -1 .

:L ;

{ ¢1,93, 95 , 97 , - - { =

this sequence =/ BE , ¥ , - Ez , - Ez , Ez, ¥, -Ez , . .
is periodic :

• subsequence of even nñdiw

An -18 = An @nt ) few Mt -2T .

new .

{ 92/94,46 , 48 , - - - { =

= { 1,0 ,
-1
,
0
,
1
,
0
, -1,0, - -



theorem.

Let §n)new be a sequence .

• Given t.IR
,

there exists a subsequence §n×)×⇐µ

of (su) new that converges
to t if and only if

{new : Isu - Hee } is an infinite set for

all E>0 . ¥Y*¥"
• If csnlnc.nu is unbounded E 9
from above

,
then it Khan enters these

arbitrarily small neighbor 'shas a subsequence that of 1 , and Lz infinity
diverges to + to

. often if and only if
there exist subsequences

• If ⇒ new is unbounded
converging

to ↳ and tolz .

from below
,

then it has

a subsequence
that diverges to

- •

theorem . If a sequence Csn)n£w converges to L
,

then every subsequence of (Sn) non also converges
to L

.

PI. Let (sn×)⇐µ be a slbsequena of (Sn) new . Since

sn→ L
,

we know that HE> 0
,
FNEN s.li

. if

ns.N
,
then Isn -4 < E. As ktsnh, is an increasing

function , he > K for all KEIN
. Thus

, nix> Kz N

whenever KIN .

Therefore / sun, -4 < E whenever kzN;
i. e.
, snµ→ L . ☐



Remex : The converse statement also holds !

Bokono-weierstras-theo.eu
Every bounded sequence

( in IR) has a convergent

subsequence .

Leming . Every sequence 4)new has a monotonic

subsequence .

PI. Let's say sn is a dominant term if fur> u
,

su > sun . Clearly , there
a

dominant
are 2 possibilities :

1) There arei-fmtegf.si?y,-#-.-.ma-nydominant elements
not

in ( Sn)new
dominant

2) There are finite dominant elements in new

In case 1) , let ( snake,µ
be a subsequence of

4)new consisting ong of dominant elements .

By definition , sun,> sun,+, for
all K

;
so $nx)⇐µ

is monotonic decreasing



In case 2)
,

since there are only finitely many
dominant elements

,
we may

choose MEN such that

Sn is not dominant for all u>

ns.nodominmt-ebnuit#f--V-Nzn1,
3-MEN

after 5ns sm
7

Apply the same reasoning with Nena : ie.sn is

MII dominant ,
choose mze IN to be the MEN given dare ; i.e.

.

snz> Sns and proceed inductively .

This produces

a monotonic increasing subsequence Su
,
Esme c- Says . . -

☐

ProofofBolzano-hkierstressthm-sincesnu.cnis bounded
, so is any subsequence

(sure)×€µ . Choose a monotonic subsequence (sundew , which

exists by the above Lemmon
.

Then (sundew is bounded

☐
and monotonic ,

and therefore, convergent.
£we proved in Lecture 7

that monotonic bounded

sequences converge .



Subsequentialiwits

Definition . A subsequent of a sequence (a)now

is a real number or I • which arises as the

limit of some subsequence of Csn)n .cn .

We denote 5={4-1120}+-4 : sn×→t for some subsequence
(Snk) now of (5) new }

Exempts :

• Sn =

ftp.vfyy-n
All subsequences of ( Sn)new thot

have a limit , go
either to to

1 -1
or - *

.

4

3 -9 S={ - a. + a } .4 16

5

1-2.5'

i :

• an -- sin (¥) All subsequences of Ian)n⇐µ that
have a limit are eventuallyconstant ( because Cannon is periodic.

I¥:2 1

5=2-1 ,

-¥ ,

°
/ Ez ,

1} .

4 °

5

f-
542

6 -1

7- f-Bk
8 0



theorem . If ⇒new is a sequences then

there exist monotonic subsequences (Snk) ✗ ←µ
and

fine)e⇐µ which converge
to lemap sn and

new

bin if sn respectively :

n - n

•

•

•°him sun, =

him sup
sn

→
- t÷÷÷.

Don Sue = liwinf Sn

l →n - n- o

Theorem If shrew is a sequence in IR,
-

denoting by S
the set of its subsequent .ee limits,

S -4¢ and

limsup su = sops
now

diminf su = inf S
n → ✗

In particular
,

Sn - L if and only if 5--14 .

( Note : this last statement is the converse mentioned

in the Remark above) .


