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Monotonesequeuus

Def: A sequence ( Sn)new is monotoneim-reoa.mg
if 5m£ sn+1 for all MEN

;
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Note: If sn is increasing, then :
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-
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and it is www.tonedecreexm#ifsn3Sn+1
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Collectively , these are called monotone /monotonic

sequences .

ÉExamptes.sn = In
011413k 1

increasing
Sn=1n , sn+1=n¥1

☒ decreasing

sn+i¥s < * =sn for all men

this is a strictly decreasing sequence



Sn = is increasing ,
Snt ,

-- CHIP > n> = Sn
n

Sn - (1+1)
A:if .

.
-

but why ?

←
larger

How do you compare :

Sn = @ + IT and Sna - ( 1- +⇒
"+1

?
Fer

Exercise :
sun --(1+¥)?(1 -1¥) Prove that

¥ Suit > Sn ,

Sn - f- IT = {
1 n is even not monotonic
- I

,
m is odd -

¥+11

Same for : sn= C- ii. n or sn=

theorem.
A monotone increasing sequence

which

is bounded from above
converges .

increasing µ← upper
bound

""""'""¥sµ
Sn EM Sn - L



A monotone decreasing sequence
which is

bounded from below converges

Élan,

lower →
M L

Sn> M
,

Su→ L
bound

Proof: Sn is monotone increasing , that is

/ if nfm ,
then Snf Sm

Know

(hypothesis)↳ son is bounded from above
,
that is

3- MEIR such that su 2- M for all new.

Then the set { su : new } is bounded

from above
,
and thus hes a supremum

which is a
real number :

M = sup { sn : new }

µ Claim : Su → u
;
thot is

→ V-E > 0
,

3- NEIN
Sn

n - u> N ⇒lsn-ulcc.SN



Given E>0
,
there exists New such that

µ- E < Snfu .

Since Isn)n⇐µ is increasing ,

if MIN
,

Su > Sn .

Thus
, for ell n>N,

n- Es Sn E Sn En = sup } su : NEIN } Cut {

Thus µ - EL sus ut E , i. e.

- {< Sn - n < E
,
ie

.

Isn-u / < E.
☐

If a sequence is only bounded ,
does it converge?

A-: No
; for example : an - C- 15 is

bound-edlank-d.tn
c- IN

¥1 and it does not
converge .

( it is not monotonic

§ : If a sequence is only mouotom.ci#reenny,
does it converge?

A-: No , for example : an =n is increasing
and does not converge flew an = + a)
( it is m=I bounded from above)



theorem . 4) If tsunamis unbounded from above
,

and monotone increasing ,
then lin Sn - +•

.

n→o

Cii) If new
is unbounded from below

,
and

monotonic decreasing , then I'm sure - • .

n→ oo

Proof. Ii) Given MEIR
,
since the set

{ su : now } is unbounded
,
there exists

some NGIN such that SNZM .

Since the

sequence
is increasing

,

SN

Éi Sn> SN for all n>N.

M Thus
,
tn→N

,

3- NEW MN ⇒ Sn> M
Sn > SN > M ;

which means that dim su - + *
.

☐
h→a

Altogether: Monotone increasing sequences Sn
either

• Converge (if bounded from above)
Su → L

• diverge to too (if unbounded) .

Sn → to



m ...
Neven

a- E÷

,{¥y
naan

t
n
odd

¥-1m n odd

Does sn converge? NI.

dim infsn = -1 , him sup sin _- +1

n→N n→N

Defy: Given a sequence Csn)n⇐µ , consider

the sets

/ Sn : nIµJ
"infinitely meng
indices n

satisfy this !

Then define :

tuneup su := him sup { sn : man }
n→a N→n

lehniwfsn := tin inf { su : n>Nf .

n - N N → N



"
the liinnspsn is the largest number

n→N

which is approximated infinitely often along
the

sequence Sn
"
.

EI : lemap since ) = 1
n-ao

limit sinful = -1
.

n → so

sima

' :Sint 1

,
• sin}

/ Iz IT
•
sin 4

•

-1

him sinful does not exist
.

n→N

theorem .

Given a sequence (su) new ,

liminfsn c- lewap su
;
with equality

n-ao
n- to

if and only if fryman converges;
in which



cere him sn= liminf su = linsp su
.

h→x n → N n- ao

converging sequence :

fun sup Su
o n- ao

11

n- N

• hmiifsn
n → a

sequence that does not
converge

him sup Su
n -n

v

n- to

nsup sn= to
n -ao

Proof: Read on Ross p . 61-62 .



cauchysequenu-DI.tt
sequence Csn)n• is Cauchy if

HE >0 3- NEIN such that

if him > N ,

then Isn - Sm / < E.
-
distance between elements

"

The length of each of the sequence getsjuMÑ Arbitrarily smell
- pnoided

we are
"

for enough
"

along
the sequence .

Proposition . Convergent sequences are Cauchy .

If ⇒ new converges, then
FLEIR such

that YÉ>o ZÑEIN st . if u> Ñ then

Isn - LICE .

Given E>0
,
applying the def . of

convergence with É= Ez , we find that 3-ÑcrN

Isn -4 < Ez for ell n>Ñ .

So for mm > Ñ , we have
:



lsn-smt-k-f-E.LI
triangle F- Isn - L/ + Ism - L /
ineg .

la-bk.la/t1bl .

- ~

< EE t EI = E.

This means Csn)n⇐N is Cauchy . ☐


