
MAT320/640 Lecture 6 9/22/2021

Moresequenas_ could be
NIM

Recall that a sequence (sn)n> converts
to SER

if for all E> 0
,
there exists NEIN seek that

if MIN ,
then Isn- s / < E.

i. e.
,
the set

{ SNEIR : n>A }
✓ is bounded .

Proposition . Convergent sequences are boon"
Proof : Since Isn)n>, , is convergent, letting E=1 ,
there exists NEIN such that if n→N

,
then

Isu - s / < 1 . By the tri-geimequk.ly,
[ Iatblslaltlbl

Isnt - Is / c- Isn - s / < 1 so: Iatbl -161<-14

Therefore Isn / C- 1+14
,
for all n%N .

atb-sna-su-sb-sletM-maxllsr.li/sal,---,lsnl
,
1+14} .

Takes care# ¥ takes care

of first few of all
elements elements with NZN

(NEN ) Sn

_¥É¥*"M
From the above

,
it follows that for all MEN ,

Isn / EM;
i. e. hsn : new } is bounded

. ☐



Operatiowswithsequenas Start here

1

Proposition. If
then (ksn)n→,←toh

End hereProof: We need to show for all E >0
,
there exists

e-

NEW such that
, if m>N then IX. sn-k.SI < E .

We knows that for all É> 0 ,
there exists Ñcw

B-

Isn - s / <É.such that if u> Ñ then

If k=0 ,
then k.sn -_ 0 for all Sn

;
and K - s - 0

,

so there is nothing to prove . So
, suppose

✗ =/o
.

Then , given
E>0

,
let É=In , by what we know,

there exists ÑEIN such that if n%Ñ
,

then

Isn - s / < I = ÷ ; thus K . Isn- s/ < E , i. e.

1k .sn - K .s|< E. Thus ,
we can take N=Ñ and

for the given
E >0

,

we find that th- su- Ksla,
☐

as desired .

Mere

Proposition. Iftsnnz.convergestos.IT#It,and Hmnzs converges
to t

,

then §n+tn)ntos+tJ¥←,E:L
,

here
.



Proof: We need to show that given Ezo ,

there exists NEIN such that nzN , then

/ (Snttn) - (stt)/ < E
We know feet given Esso and Ez>0,

there
-

exist Ns
,
Nz EIN such that

MINI ⇒ Isn - s / < Es

my Nz ⇒ Itn - Hee,

Let Eso be given ,
take EI - Ez and Ez=§ .

By what we know
,

there exist Na,NzeoN

such that n > Max { Ns
,
Nz}=:N .

then

Isn- s/ < £ and Itu-t/ <£ , so

ksni-tn-cs-tlslsn-si-lt.in -1-1
1Triangle

ineq .
< £ + E- = E;

Iatbklaltlbl
as desired .

☐
A=Sn - s

b-- tn - t



Moreoperationswithsequeuas
Proposition.If6n)n→,couverg•tos

← know / start

and Ctu)n→ , converges
to t

,

then csn.tunacouvergestos.tn#-need/end
Proposition . If lsynacouverge.to#ousn--F%eE-
µe then

ÉÉ_
need/end

Proposition . Iflsnhmconvergestost-oondsn-ofordlns.io
,
and (taus, , converges

to t.tk#stort¥%-Én. '""

Using the above
,
we can study the following :

F-xample-I.fm = 0
,
for ale p > 0 .

h- o

Given E>o
,

let N=)&) -11, i. e , NEIN

is the smallest natural number → (F)8.1-1 .

If n=N > ( &)%, then

/ Tnp - of = Lp < E. ☐



oh

Exempted .

tin a =o , if 14<1
mad

If a -0 ,
there is nothing to prove, since

then a"=o for all n;
so suppose a =/ o .

then o4al=n÷g for some
b > 0

.

Recall

@ + b)
"

= £11,1b! I"
⇒

= 1+11) .b+ - - - +
b
"

f k - o In

Binomial
thin > 1-in.to > nib

thus
1am -01 - lar - ¥by< ±h -

b

Given E-0
,
let N=f÷7 +1 .

Then

if u> N > ¥z , it follows
that

la"-01 < ÷b< E .

Similarly , one can
show :

dim 1nF =L and Lego at = 1 ,
u→N

for all a > 0
.



Using the results ( Propositions and Examples)
above

,
obtained by verifying the definition of

convergence , we may now compute certain limits

rigorously even if we dont verify the definition
directly in these cases :

n→¥I¥gI¥hm"± e- Hwhim
into 7- + E- + ¥ problems, it

will be specified
him 3 + In -11W if you need to

= -Ézi÷¥¥¥¥nedefm"7- tnkIE-lxa.IE or not .

3+5ñÑ÷1①⇒
= =-3 .

"

o
"
o

e÷¥FEnÉµ÷Ys÷n±
Tñ=ET TT

lakh
1

0

=D .



Infunitelinuitse

Definition .

A sequence
Csn)n→ , diverges if

for all M > 0 , there exists NEIN such that

if my N then Su> M . Similarly, Csn)n→,

divergent if for all M > 0
,
there exists

New such that if n>N
,

then sus - M
.

n>N

Sn

-M
M

hhrite ;
lin Su = ± so (accordingly ) .

n- o

Exainple .

Show using
above definition that

tin in +7 = to .

n- n

Given M > 0
,
we

need to find NEW such that

un N implies rn -17 > M
.

Teke NEW

to be N= FM -777+1 ,

ie
,
N is the smallest

integer larger then IM-75+1 .

If M> N
,
then

h > (M-712 , so rn > M - 7 i. e.
rn -17> M . ☐



ore sequencesPropon-ti.n-Iflsnlnnandklmamtnso.tha.IT
"
"

such that dim su = to and
n- n

n- n

hhnsn.tn=tx- needn→oo

Proof . We need to show that given M >0
,
there

exists NEIN such that MEN implies s.n.tn>M
.

Since lin tu > 0 , choose m>0 such that

men

0am < km tu
.

Then tn > m for sufficiently
n→ so

large m ,
that is , there exists NsEµ and that

MZ Ns
,

then tu>m . Since fun Su - ta ,
n -N

given Ñ=Mm , there exists Nze IN such that

MZ Nz , Su > Ñ=M_m , ie .
M.sn> M .

Teke N= Max } Na
,
Na) , then

MXN so

sn.tn
F
Sn - m > M .

☐

Su> 0 for all nasi
trim f

Proposition .

A sequence
lsnlu, , of posotivenumb.rs

satisfies bin sn= to if and only ifb±g¥=0 .

n→N


