
MAT 320/640 Lecture 5 9/20/2021

Sequoias

Definition : A sequence (of
real numbers) is a function

s :{MEI : n>m } → 112
,

where MEI is given .

(Typically , m=0
or a-1)

Exempt: M =L , s(n)=n1z
s :{112,3 , . . . }→ IR s( 1) = 1

¥
s (2) = 21--14

Other ways to write the sequence: 5131--13=91
• 1

, Fyi 1g , % ,
- - .

I

• (Sn)neµ,sn=1→
We will mostly
use this notation .

A :{0,112,3. - - J→ IR)Eixample:É¥/ (aan - en
Meo 90=1-15--1

91--1-111=-1

92=45--1 an = {
1 if u is even

-1 if u is odd .
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Limitofasequena
Definition: A sequence (Sn) of real numbers converge to

a limit SER if for add E > 0
,
there exists NEIN

such that if u > N , then Isn - s / < Er
-

MIN
yn
-N R snc-fs-e.se)fsn

#É¥#→
"

No matter how small
S-E S Ste E>0 is

,
there is

NEIN ( depending on E)N¥n : him su=s
,
or Sn→s . such that all

u-N
elements of the sequence
"

after N
"

lie within

Exhale : line 3=+1 = ?
y

distance E from s !
n→n

7-u -4

'new ,
Su = }!¥ inclined to assume this:÷÷÷÷☐

tim }I÷=ks¥¥÷→=¥.n→ a

3+0±É=- = } .

1%7-1%1
The above is NOT

←
a rigorous proof in the context

of a Real Analysis course .
The definition must be used !



However
,

this first fnou- rigorous) step is
essential

because it provides us with the information
that 5=3-7 should be used when trying
to apply the definition of convergence .

Rigororsproofthottheabovesequfonvgsto=¥ .

Sketch: Given E >0 We must find NEIN

such that u> N⇒ Isn - ¥ / < Ea
N=Nle)

Solve in n:

131¥ -He ⇐É±1< ef-u-47.7

For all mid ←→|p÷⇒cE
7- n-4>0

→
⇐ §÷µ< [ ⇐ 19<7 eftn - 4)

⇐ f÷<7n-4 ⇐ Y÷ -1427N

⇐ ÷+¥< n

*
* +¥T÷+¥+⇐n



"

Official"proof_: Given E>o
,
let NEIN be the

smallest natural number which is > &÷g +¥ ;
that is N=fYqz -19=7+1 ,
If u> N , then

n > ¥e¥⇒*÷4"
⇐ Isn - ¥ / < E.

This shows that the definition of convergenceholds with 5=3-7 ,
that is

,
dim su = ¥ .

n → to

☐

Example: Prove that Linz I. = 0 .

( sn)n€,µ i Sn - Ff '

Sketch : Given E > o, we need
to fend N=N(E) such that

-

n=n⇒*←÷:÷in n.

f. incr. fct .

Ink - oke⇐ Hike # Tea ⇐ { <ñ⇐nEssentially
m2>o thiswill

be our N=N(e)

"Offiad"pro Given E,>0 , let N=f +1
,
that is

,
NEIN

is the smallest natural number which is > ¥ = E-
%

.



If u> N ,
then n > FE ,

so 1ps E and hence

Ink -0 / CE . Therefore , the definition is satisfied

with S - O ,
that is

, µ÷•n£= 0 .

Proposition : If (su) is a sequence ,
such that

Lim Su - s and Liz suit , then s=t
.

n→ "ThelimitofasequenqI-if it exists , is unique
"

Proof. Using the definition for each of the limits :

Given E >0 , there exists NIEN such that

n > Na ⇒ Isn - s / < E
there exists Nz -4N such that

n> Nz⇒ Isn - t / <E

Take N = Max 2Nd ,NzfeN . If NZN ,
then both of

the above hold
, so : Isn - s / < E and Isn -1-1<2 .

Is -4=1 + cs÷tY§1s1+1%-1-1
Triangle
inequality =/ srsltlsu- -4
latbktatlbl ¥I

< ETE - ZE.



We conclude that for all E> 0
,

Is -1-1<22 .
Therefore Is -1-1--0 ;+

If d-Is -1-1>0
,
then

i. e. , s - t .
take E- dlq .

> 0
.↳µµ,a=yg,µnot <2E

Example:

Consider the sequence @Muzo ,
an - C- 15.

Claim : This sequence doesnt
admit a limit .

( i. e., it does not converge) .

Proof:(by contradiction .
Suppose thatthereexistsac-R.mn#Then for E--1 , there exists

such that km an -- a.

NEN such that u>N → Ian - a / < 1 .

i.e. nzN → KI- al < 1 .

Recall an=(-y1{
1 if u is even

-1 if u is odd
.
so the above

implies that
←
an

' if m>N , then

⑧
A" *④

101-4<1 and 1-10-4<1
FEN FEN
event odd

But then
, we find that :



2--11-1-171=14--4 +¥11s

triangle 7%11=4+1a-Y < 2

inequality
= :÷
by⑧ by*④

This contradiction shows that the assumption
that there exists a c- IR such that lim ha -a

n→N

is folds ; therefore the sequence can) does not

converge .

☐


