
MAT320/640 Lecture 4 9/13/2021

Archimedeanproperty . If a> 0 and b > 0
,

then

there exists men such that n - a > b.

" No matter how small a> o is,

"
No matter how small a spoon is

,

and how large b> o is
,

there and how large a bathtub is
,

eventually you can take all the wateralways is some MEIN such that ma> b ! out
using the

spoon !

Roof:( by contradiction . Suppose that the Archimedean

property fails : there exist a>o and b>o such

that vi. asb for all new.

This means that

the set S-fn.ae : new} is bounded from

above by b. By the completeness Axiom ,
there exists

so -- sups,
the least upper bound of S .

In

particular, so Eb
.

Moreover
,

So - a < So
,

so so - a

cannot be an upper bound for § .

i. e.
,

there exists

""
s
so b Some n.a.ES ,

with MEIN

#→ such that

so-a So - a < M.a £ So

↳Heres a

Therefore , So < ath.a=lntHaES
.

contradicts

the fact that so is an upper
bound for S .

Thus the Archimedean property holds . ☐



Exanplesofsupandinfusimgtrchimedeoupnop.IS
_- { In : nc.IN }

Bounded from below? Bounded from above?

II sup s
⇐

inf 5--0 ,-11,11131¥ , - . - }

É☒¥g
A: The set S Ns bounded from below

by 0
,
since I > 0 for all NEIN.

¥ The sets is bounded from above

by 1 , since In ⇐ 1 for all new .

The supremum of S is sup 5=1 ,
because In c- 1

for all MEN and tides .

The infimum of S

is imf 5=0 .
Indeed

, 021N for all MEIN lie , 0 is a

lower bound) . To prove 0 is the largest lower bound

for S , we argue by contradiction : suppose
it is not

;

ie
, suppose there exists a> 0 which is a lower bound

for S
,
that is

,
Osa £1m for all MEIN .

Take

such a> 0 and b. =L
, by the Archimedean property

there exists NHN such that vi. a> b.=L , which

contradicts the above statement
°

that a ⇐ In for

all men .

This proves
that inf 5--0 .

2) S =/¥- : new } Bounded from
below? Branded from above?

Yes Yes
inf 8--0

,
sup
5--1

For all MEN
, o<Miff = In + ¥ e- 1+1--2

a a
lower bound fors upper bound fears



" "* . n+÷=1¥-=z .

sup 5=2

a> o

§
inf 5--0 , because :

¥¥\¥¥!:nÉ>o was a
lower bound fors

,

then (b) Arehimedeonpropertgthere
3-naw :M¥< a would exist MEIN such that

m <a
, contradicting the

assumption that a > o is
I a lower bound for S .

DeusityofQinR_

theorem : For all a - b in R
,
there exists re

such that a crab .

→
We must show that a req

b

there exist m
,
NER

,
n > 0

,

such that r= In c- lab)
,
that is

,

⇐ n.aemsn.ba< My < b

since b-a> 0 , by the Archimedean property ( applied
to b-a and 1) , there exists me IN such that

n . (b-a) > 1;
that is

, n -b
- n - a > 1 .

⑧



By the Archimedean property , there exists KOIN

such that ✗ slant and K> / but ; that is
,

- ✗ < an Cbn < K

Define IE-ljc-ki-kej.ch} and ( jc-IE.a.mg}
¥. _-Int

""
Both of these are finite
sets
,
so they admit minima and

- K
Maxima .

Let m= minljc.tn/--:a.nsj).Then-hKa.nem.

*④

and -KimEk , so (M- 1) c- IE
,
but

im- 1) fc2.ge#-:a-naj} .

Thus
,
a.n > m-1 , i. e.

m- s 2- a. n .

Put the inequalities together :
# ⑧

←Chest ineq . in previous page)

a.ncmc-a.ir +12
b.n

which is what we needed
,

to conclude r=Mn- c- (ab) .
☐

Infimtiesandtheliextende-dreell.me

So far, we
have defined (via Axioms) the real live /R
-

•

•

•
- n

which is an ordggredfield and complete completeness exam
(algebraic structure) ( " no gaps

" )



It is often useful to consider to
,

- *
,

and the " extended "
real line IRU {→ ,

to ) .
Beware that the field structure lie

, addition and

multiplication donot_ to 4- of
,

even though
the order does

:

"

For all AEIR
,

→ < a < + n ?

Accordingly , we may
work with ⇒ed Intervals :

C- a. a) = { ✗ ER : ✗ < a } ←#M
1- a. a) =/ ✗ c- IR : ✗ ← a) ¥-d

a

(a. +a) = { ✗ c-R : × > a } Yum
G. to) = HER :X> a } ÉEnnrm
C- n,

+a) = IR

Note: intervals are always opens
at the infinite

endpoint.

Example: For all a.be /R
,

§g¥
inf (a.b) = inflate]=inf[a,b]=irf[a.b) = a{ sup lab) - sup Cab]=sp[ab]=ap[a.b)

= b



{
imf C- a. a) = into 1- a. a) = - n

sup C- a
, a) = sup to,a]= a¥É§ inf (alto) = imf Cia , +a) = a

Ap (a. + a) = sup [ai
+a) = to .

Just like the above
,
we extend the definition

of Ivf and sup
to subsets of RU / +→ }

by setting
imf S := - or if S is unbounded from below

sup S := to if S is unbounded from above
.

Exempt: S= { ✗ c- IR : 1-Ezo or ✗27}
i. e.

,

#-[mnmn→s=[w]u[7i+a)
- i

° 7

sup S = too ,

since S is unbounded from above

fief 5=-1)


