
MAT-320/640 Lecture 28 12/1312022

FinaeReview_

• About the final Exam

• Review problems

1) Find all the rate roots of the polynomial
p(x)= ✗8- 4×5+13×3-7×+1 .

2) Prove that the
sequence defined recursively by

51=1 and sn+,=(1 - ¥z)sn , threw, is Cauchy .

3) Find liminf and lineup of the sequences
below :

a) Iz , O , O , ¥ , 9 ° , 1g , 0
,
0
, % ,

°
,
0
,
-- -

b) bn={% if u odd

1¥ if n even

c) C- 7M

Do they converge
?



4) For what values of ✗ ER does [ ¥÷.am#ebsobt-eG?h--
0

5) Let fn :[o ,
+ a) → 112 be

given by fnlx) -
ntxn

•

a) Does fu converge pointwise to some f- 1×7 ? Where ?

b) -- uniformly - "- ? where?

c) Compute him f.
1

n-w
fuk)dx .

6) Same exercise as 5) but with fuk) -¥
Solutions
- plx)=o

d) Find all the raked vootÉof the polynomial
p(x)= ✗8- 4×5+13×3-7×+1 .

The polynomial plx) is monic
,

has integer coefficients ,
and constant coefficient is 1

. By the Rational

Zeroes theorem
,
all the rational rootsarea-m.org#isof1."e. 1=1

.

Let us check :

p( 1) = 1- 4+13-7+1 = 15-11--41--0

pl- 1) = 1+4 - 13+7+1=0

Therefore ✗ = -1 is the only rational root of pad .



Note: If ptx-anxhtau.it
"'t - - - ta

, ✗
+ ao is not monic

,

T
Auto

consider L-n.ph/)-- ✗
"

+ YI ✗
""

+ - - - + q÷✗+a④€$in
Maric !

Ratioudzero.tk# If the polynomial

pled = anxhtauyx
"'t - - - ta

, ✗
+ ao

has integer coefficients aick and r=§€Q is

a root of p , ie , per)=o , then

c divides ao and d divides an .

-

2) Prove that the
sequence defined recursively by

51--1 and sn+±=(1 - ¥z)sn , threw, is Cauchy .

Note: It is harder to prove this by directly

verifying the definition of Cauchy : V-E > o FNEIN

S.t. him > N → Isn -

smlcE.sn-11 - ¥-1,711 - ¥ñ) - -
- G- Eisa

'

Sm = - . -



Note sn is a monotonic decreasing sequence :

0<4 - G.) < e- ⇒
snssn.tn

a-
V-n.CN

Sn > 0
,
ten

so Sntissn for all MEIN. Furthermore
, Su> 0

is boundedfiombelow. therefore, by a theorem

from lecture 7 ( monotonic + bounded → convergent,
Sn converges .

Since a sequence of
real numbers

converges if
and only if it is Cauchy , it follows

that sn is Cauchy . ☐

Remain: himn→, Sir = If I 0.6366 . . .
< 1

3) Find timing and lineup of the sequences
below :

a) Iz , O , O , ¥ , 9 ° , 1g , 0
,
0
, % ,

0
,
0
,
-- -

b) bn={% if u odd

1¥ if n even

c) C- 7M

Do they converge
?



four int an := smallest subsequent 'd limit of @n2
n-N

dim sp an ÷ largest subsequent.d limit of Cann
n -n

AL
,
A2
,
43

, 94 , 951 @6 , 97 , 98, 99 , % , 911 ' 912
- - - - - -

- -

a) E , -0,0-1 ¥ , I 0-118 ' I' Ii % ' II -- -
NEM mod d
u leaves remainder
me when divided by d.

MEI mod 3 ie .
M- 3×+1¥1 if

for some K-0,112 - - -
an - { 0 if ME 0,2 mod 3 i. e.

Me 3k or n=3kt2 for
some ✗ = 0 , 1,2, - - -

him into an -0bkanzforellnc.mn→ a

lrnintan>so
hard

and

a3×µ=0forallkE .

dvminf an C- O
h→•

bitmap an =D bk an is either 0 or

n→a

of the form ¥ and him ¥ = 0
.

✗→ a



Therefore, the sequence an converges
to 0

.

Recall. an converges⇐ liminf an = lemsup an
n → ao n →

*

In that case
, lumen -- liminf an = lemsup an

n-N n → ao n →
or

-

" ↳ {÷ ÷ :: I
.

.
.

•
•

-

É③④⑤ldminf bn = 12
n→ so

⇒ bn doesnt
lunsvp bn =3

converge .

m → so
2

312kt1) +2The subsequence of odd terms b = -

R
212kt1)

converges to 312 as K - or

; so odd

clumsy buzz .

n-o

the only other subsequences of bn would include

terms of the form b④ ,
which are smaller

,

☒even

hence hump bn Elin bz×+1= 32 .

m -or K-ou



c) cn=(- 7)
"

liminfcn - - N , hmsop cn= too ,

n- N
m- ou

cn=(- II. 7
"

⇒ lent __ 7h 9 + * as u- a.

For dinrinf (resp . clumsy) use a subsequence
where n is odd Crisp . even) .

Cn does not converge .

to

4) For what values of ✗ ER does [

XI.am#ebsobt-eG?h--ORe-M:RodiosofR=1gwherep--limnp tank
convergence: n→o

too

lx-x.HR ⇒ series [ ancx - xD
"

converges
m=o absolutely .

In the series above :
%

an=¥ P - KI:p /ant =hmnp¥=¥ .

n- n

Radius of convergence
is R=1p= 7 , so the

series above
converges absolutely if 1×1<7 .

¥¥:¥



Endpoints ✗ = 1=7 , ie .

.
1×1--7 then

to

[ ¥i← [ 1 = + or diverges .

h=O h =D
-

So series converges absolutely if and only if 1×1<7 .

Geometric series
to

1Remand : [ ¥a=E¥TÉIT¥=±
n=0 n=o

7 -✗

for all 1×1<7 .

5) Let fn :[0.1-a) → 112 be
given by fnlx) - .

ntxn

a) Does fu converge pointwise to some f- 1×7 ? Where ?

b) -- uniformly - "- ? where?

c) Compute IIs foitfalxdx .

a) himn = {
0 if •⇐ ✗ ⇐ e-

1 if ×>1
n- n n + ✗

{
0 if 051×1<1

bk him ✗
"

=
1 if ✗ =L

n -ao too if X > 1

LENT:& if ✗< -1



and NIF = → 1

⇒ 0

if ×> 1

a) fulx) converges pointwise to

fan . {
° & * ← 1- af - -

-

goes
1 if ✗ > 1

. →
o 1

b) No
, if the domain contains points x >1

and also points ✗ c- [as]
.

Recall: Iffu → f uniformly and fu continuous
,

then f is continuous
.

Yes, on the interval [as] :

Ifnlx) /=/ n+×÷| ← In for dlxc-co.is
and MEAN

b/c XHEIE 1- + In



V-E>o 3- NEON s.tn/fnlx)-flx)/CEV-xc- [on]

take N -117+1 eq¥€Én→N
uniform
convergence

- -

1-

c) lingdfnlxdxtfotnbuzfulxdx
n→N

0

=ffiÉo .


