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WIEAppnximationtheorem. Every continuous

function f :[a.b] → IR can be uniformly
approximated by polynomials on lab]

;
i. e.
,
there

exists a sequence
(Buf)

new
of polynomials st

.

Bnf → f uniformly on [ab]
.

~

ipolynomials ! just needs to be continuous
(need not be differentiable!)

Cf.Taylor1sTheorem_x@fifa.b] → IR
,
✗☐ c- (a.b) I to f'" (a)
→ f. a) = E- X - xD

If "Yx) / EM no
n !

-
-

Much stronger hypothesis ! Taylor Serves

Infinitely many
derivatives Sey w/ radius of convergence R>o

and all uniformly bounded !

Tn(x)= Éf*¥ Ix - xD
"

;
Then Tn → f uniformly

✗= 0
oh [Xo - Ri ,Xo+Ri ]-

Taylor polynomial of for any 0 < Rs < R
degree n'it xo ?



Note : d.tn/xo)--flxo)
,

i. e. the approximating

Taylor polynomials (of any degree) agree
with

f at ✗= Xo .

2. Tn+1(x) = Tn + Ñµ"¥¥- cx-x.it '
nÉre power of ✗

fixed without changing any ofthe lower order terms

Rink : Neither of the above will be true in

the polynomials Bnf that originate from

the Weierstrass Approximation .

Recall : Binomial theorem V-a.be/R
,

new

=
(atb) = [ (1) a

" bn
- K

⇐ °

fun,) = ×?¥,,
"

n choose K
"

Lemma_1 .

For every ✗c- IR and n> o integer,

[ (1) ✗" ( 1- x)"
- *

=L
.

K=o

PI: Use Binomial Thin w/ a _- ✗ and b= 1- ✗
;
end

note that at b = ✗ +11 - x ) = 1
.



Lemmond. For every ✗c- IR and n> o integer,

[ Xx - k)2 (1) ✗+11 - x)
"-

1- MXCI - x) ← My
K=0

PI: First , note K !=k(x-D ! n !=nln -17!

I 1 nCn=n(I:)ix. (1) - K . ÉY=¥¥! - x-D !@-x)!_for all 471 .

- An-D-e-ID !
Together with the Binomial theorem

,

[ ✗ (1) ✗" 11 - xD"=n [ ( II, ) ✗" (1- ×)h
- k

Keo
-

k =L

→ 1:11
=n É (g) ✗

I "(← xp
-1 -j

e j=oj=k-1

=n.×É(Y
'

)×:( 1- ×)n
-1- j

j -0

÷
= N . ✗

Similarly , ✗ Ck- 1) (1) = nln-1) ( I:}) fork>2



n-2

Éklns) (1) ✗41 - x)"- "= [ men -HI:?) ✗
"Taxi" -2

Keo- fj-0-nln.nl:?)
j=k-2

if V72
n-2

= mln-1) ✗
'[(1-5)×41×54
j→

⇒
=n(n -1) ×?

Altogether , we
have:

[ ✗ (1) ✗" 11 - x)
"

"=nx
✗= O

n

[ KIK -1) (1) ✗" (1- x)
"- "

= mln - 1) x2

K-0

Adding them,
we find

[ ñ( F) ✗"( 1- x)
""

= nx + nln - i)x2=nx+u%-ni

k -0
=
vii. + nx( 1- x)



So
, finally ,

[ Xx - k)2 (1) ✗41
- ×)
"- K

=i.-
(
= n'✗2- 2nxk + K2
- -

-

M

M

={vii. (1)
✗41 -Ñ"+[f2n×x)(1) ✗

"
G- ×)

""

e-

e-

✗→

K-0
n

+ [ ñ(1) ✗
"
G-×)

""

✗ = ☐

*

=n%(É
.

✗41×5
") - an ✗ ( [ v11)×%-Ñ")
HEX÷

+ vii. + nx( 1- x)

=n¥2n# + nx( 1- ×) =nx(1- x)
.

•

Note that nx( 1- x) s Yz since ✗11 - x) e- ¥

for all ✗ •R.it#.:Hflxl--xU- ×) ⇐ ¥ . ☐



Definition: Given a function f :[0,1] - R , define

(Bn f) 1×7 = Éf(E) (E) . ✗
"
is - ×)
" "

e -
k -0

¥ polynomial of"

Bernstein polynomial
"

degree minx .

of degree n
associated 1- fl 'd . ↳Édgu

m on ✗ .

Thm_ . If f:[as] → R is continuous
,

then

Bnf → f uniformly on [0.1] .

(This is the Weierstrass Approx .
Them for [a.b) = [as] .

The case of general Cab] follows easily from this . )
PI: Since f is continuous

,
it is bounded :

Iff -40 .

M = sup { / fax : ✗ c- [as ] } 5/0
Given E>0, there exists f> o such that

×,y€[0,1] and Kyles ⇒ 1ft) - fly) / < §
b/c f is uniformly continuous on [oil] . We claim :

/ Bnflx) - flx) / < E for all ✗c- for] if
u> N=fY⇒



Clearly
gµyg(⇒ • (É(:)Y

m

= [ fix)( 1) ✗" 11 - x)
""

K -0

Thus

/Bnfkd - fix)/ =/ É(f( E) - ft)) (1) ✗
"G- x)
"" /

K=0

Triangle z
n

"
meet C- [ If /E) - fix/ (1) • ✗41 - x)

""

K -0 ¥
To show the above is < E

,
we separate the

integers ✗ =o , 1,2 , . - . ,n into two subsets :

✗ c- A- if / ¥ - ✗ / < S ; Ker B if / ÷ - ✗ 138

Since AUB -- {0,1 , - - in}
,

ANB - 01;

u

[ 1--1 = [ C-→ + [ c- - -7

a- 0 KEAY kEP,gg.



If IKEA
,
we have / E- ✗ 1<8 so

If / En ) - ft) / < £ and therefore :

[111¥)- fan / (1)
✗
" 11 - xD" < § [ (f) ✗41

- ×)
""

KEA

KEA ¥2
SEE [(1) ✗

" ( 1- xp"

I
If ✗ c-B

,
then / ¥ - ✗/ If ie |k-n138 and so

1k- nx / > 8. n and squaring both sides
:

thx - kP= 4- nxjhzs ? is

i.e. 11 ⇐⇒ ( k - nx)2

Sos

[111¥)- fan / (1)
✗
" 11 - XY" £2M . 21.111×41 -x)

""

KEB

KEB
-

E / f(E) 1+111×4 _<M+M=2M

2M . Elk- nx)Y¥)xYtxj
"

£
KEB

-0

e-



⇐ 2¥. . I = ¥

by Lemme 2 :

)
n

E Xx - D2 (1) ✗41
- x)
"-

1- n ✗( 1- x) E ¥
.

✗=0

This concludes the proof of the claim and hence of the

Theorem -

☐


