
MAT320/640 Lecture 26 12/6/2021

Recall ( from Lecture 8) :

Bolzano-WeierstrassThm_: Every bounded sequence

(a) new of real numbers has a convergent subsequence .

Is there a version of this fact that applies to

sequences (fn) new of functions ?

Aj Yes : Arzela
'
-
Ascoli theorem

.

--

what notion of boundedness do we need ?

(fn) new fn :[a.b) → IR

e) pointwisebovnded if V-nc.IN 3mn > 0 such

that Ifnlx) / C- Mn, forallxelab]

2) uuiformlybound.de if 7M > o such that

Ifnlx) / EM for all men and ✗ c- [a.b) .

Clearly , 2) ⇒ 1) .

Let us show that 1) # 2)



Example: fn :[0.1] → IR

a snail! :÷÷⇒NYE - ×) if ✗ c- [1m£]

Iit:*:.÷ Pointwise bounded ✓

In £ 1

>

lfnlx) / En

But ④ new is m¥ uniformly bounded fn(h)=n

and FM > o 3- new s.t.fm/1n)--n > M have

Ifulx) / EM is violated for ✗ =1n .

--

However
,

even Gn) is uni#dd ,

that is
,

even if / fuk) / EM ,

txc-G.to] , MEIN ,
it might

not have
any convergent subsequence :

Eixample: fu :[0,2*3 → IR , fnlx) = sinlnx)

• Clearly Wnew
is uniformly bounded :

/ fnlx) / =/ sin Cnn / ⇐ 1 .



• But (fulnew has no convergent subsequence .

(not even pointwise convergent !)

Pt: Suppose , by contradiction
,
that fnn.la - simlnnx) converges

pointwise on 6.2%] .

Then for all ✗ c- [0,2*3 we would have:

0¥ dim (funded - fna.at#lim(sinlnnx)-sin(nx+.xD&
✗→ a

✗→ so

,

← we only saw a special version of this in Lecture24

By Le¥ Dominated Convergence Them

21T 21T

him fofsinlnkx-sinlnw.AT DX f 0 DX = 0 .

✗→N 0

However
, f.
"

sfimfnnx) - sina.nl#dx--2a, which gives

the desired contradiction .

We will prove
this in

--

the Arzelé- Ascoli thin!

An additional property that Ñe existence of

convergent subsequences is :

Definition: A family F={ f , :[a.b) →R :X c- A} is called

equicontinuous if He >o -38>0
s.t. for all fa EF

Ix-y / < f ⇒ 18×1×1 - fn.ly) / < E.



Proposition : If fn :[a.b) → IR are continuous functions

that converge uniformly on lab] to f :[a.b) → IR, then

F={ fu :[a.b) → IR : new} is equicoutinuous .

PI: Given E> 0 , since fu → f uniformly , 3-NEIN st
.

if nzN ,

then / fuk) - fnlx) / < § for all ✗ c- lab]
.

Recall continuous function on a
closed interval are

uniformly continuous
,
hence

,
for each IEIEN , -3£

. >o

s.t.lx-ylo.si ⇒ / filed -filg) / < § .

Take f-min Si > o .
then if 1.ci EN and

IEIEN

1kg128 ,

then lfilxl-fi.ly) / < § . If h> N
,
then

Ifnlx) - fully)¥ / fnlx) - fntdl-lfnlx-fnlpi-lfnly-fr.by

Triangle ineq .

-

IF¥< §
< E.

Altogether, Ix- y / < 8 → lfnlx) - fnly) / < E for all

MEIN
,
i. e. , F- { fu } is equicontinuous . ☐



Arz-elia-Asu.li/heorem- . Let fu :[a.b) → IR be a sequence

of functions which is uniformlybovnded-audequicoute.nu# .
Then there exists a subsequence fun, that converges

uniformly on [a.b) to f :[a.b) → IR
.

PI : Let D= { dqdz.dz , - - . }c [e.b) be a dense and

countable subset
, e.g ,

D= ☒ A [a.b] . Since lfn) is

uniformly bounded
, say lfn(xD EM for all ✗c-{at] and

NEIN
,
all of the following are bounded sequences :

( fnldi-Dm.nu/(fnldzDnew ,
- - .

By the Bolzano
- Weierstrass thin, each of the above

( bounded) sequences / fuld;) / EM , has a convergent
subsequence .

Let ff, ,×(did )⇐,µ be the convergent subsequence

of lfnldt))neµ ,
and let ya

be its limit :

fs.ie/ds) yrs .

Note that fun,( dz) is also bounded
,
so there is a

subsequence fain such that converges :

fax (dz) ya



Continuing in this way , taking subsequences , we get:

fn : f1 , fz , fs . - - -

sobseq . (
m fax : ft .si far , tea

,

- - -

Subseq . ↳
fax : 12,1

,
fz fzis -

- - - -⇒
Subset {

fzn, ; f. 3,1 , fs
,
-2
,
f3

,

? -

__→M=3☐
: i i. :

such that ( fm.ndk.nu is a subsequent of (fm-a.ie)⇐w;
if jsm then fmixldj) →yj as k- ao

.

Choose Klm) >m large enough so
that if

jsm ,
Klm)Ek ⇒ / fmixldj) -gj / < 1m .

The
"

superdiagonal
" subsequence

gmlxli-fm.am)l×)

converges
to a limit at every dj c- D, namely
gmldj ) I yj



We claim that (gon) man converges uniformly
on Gib]

.

From results in Lecture 17
,
it is

enough to show that Cgm)man is

umformgcauchg.in
V-eso-JN-c.IN#nim=NWlgnlx7-gmlx)1sE,-Vx-cGib]

Since F={ fu. } is equicontinuous, also f- {gm } is

equicoutinuous (because GC F) .

So
, given E>0

,

there exists 8>0 sit
. for ale x.ge [a.b) ,

MEN
,

②
Ix -yks ⇒ lgmlxtgmly) / < §

Choose JEIN large enough so that {da.dz
,
. . ,dg }

is such that the [a.b) 3- IEJEJ with

Ix- dj / < 8 .

←É☒¥*
a d

, dz -
- dgb

Every fgmldj))m⇐µ is convergent (toy;) and hence

Cauchy , ie . 3- Nj c-NS.t . Mm > Nj then
②

Ignldj) - gmldj) / < § '



Let N= Max Nj . Then , if mm > N
,

1-4<-5
✓

triangle imeq .

Ignlx) - gmlx) / slgnlx) - gnldj) / + Ignldj) - gmldj) /
⇒÷

+ lgmldj) - gunky < E.

¥-8

where dj . 1- C- j±J is such that Ix -djks.

Thus (gon)m is uniformly Cauchy and hence it has

a uniformly convergent subsequence . ☐

Whotistheleostorear
"

calculus of Variations
"

e- -

-71
- -

- • 5- = {f :[ 1. ☐ → [on] , continuous
i s -

t
. ffD=1=ftD }¥%¥É- Alf)=f4Hd× "

min AH)= ?
"

-1 f€F

Does there exist foe F st . Alf) > Alto)

for all JEF ?



A-: No : there is no such fo c- F.

For any f€F ,
Alf) > 0 .

✓④

them
,
consider fnlx) = ×? Clearly fnGF .

Attn) .- six"dx=ÉI 11--2=+1*0 .

So if f. c- F existed
, Alf)IA(fu)=¥n,

so Alto) =D .

This contradiction implies that no
such foe F exists

.

→

Rink : F is riot equicoutinuoos .
Indeed

, if F was equicoutinooes, then / fuk) - ×
" }

would also be equicoutinuous; and hence by Arzelé-

Asado, it
would have a⇒u subsequence .

Is there a fix?

Yes : consider the following subclass of F :



Fc =/ f :[1,1] → for] : fl -11--1=847
11-1×7 - fly) / c- clx- gl , Kaye

Note: Fc> o ,

Fc§ÉhÉÉw/ const . c.

Claim : Fc isequicontimuous.VE
>0 ,

let f- % .

then if aye [-1,1]

1kg128 ⇒ lflxl-fwleclx-gkc.EE .

Clearly , Fc is uniformly bounded :

/ fail c- 1 the C- 1,13
,
tf c- E

By Arzelé-Ascoli
, any sequence of functions in E

has a subsequence that converges uniformly
on Elis

.

let
µ
- int / Alt) : FEE } ¥%

non - empty
MEIN

,
3- fn ETI s.t

.

bounded from below

by 0
.

Mcs Attn) E Math ④



Let {fund be a subsequence of / ful
that converges

uniformly , say fun,→ ok :[-1,13 → [oil .

Alda)=HdHdx= f.ifeng.fnnkddx-E.fifn.kldx-E.AH.nu)¥µ .

So we found a continuous function of :[-1,1] → for]
with del -11--1--1911) which attains the imf;
i. e
't the

"

area under
"

do is the Beast possible

among the areas under functions in FL
.

Rmk_: What does ok :[-1,1] - Loi) look like ?

:*⇒¥i÷÷÷÷¥É¥÷:¥÷÷o*÷÷¥¥É÷¥÷÷*¥&÷
µ > 1) (Mc< 1.)

01,1×1--1×1

(91--1) .


