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fdi-E.iq '

←

integration

fundameutaltheoremofcalculus-I.lt f :[a.b)→ R
be differentiable on (a. b) , with f

'

integrable on [ab] .

Then : b

ff ' =f(b)- f.(a)
c-

This is how
we compute
definite

a

integrals in
calculus

Proof . Recall f ' is integrable if and only if
HE > 0 , there is a partition

P - {a- to < tastes . -
-

etn=b }

of [a.b) sit
.

Ulf:P) - LIF:P) < E .

I 1 I 1

a t , tz - -
-

*←

bthe,××tx - . -

11 11

to tn

Applying the Mean Valve Theorem to f on each

interval [tx-i.tn, ] , we find Fxx c- ( tanto)

f- (th) - fltn-D= f
' /✗a.) ( tx - tna)



[ f'(a) (ta - ta, ) = [ fltx) - flam)¥
, k=1

tele.at?ff(tn)-f1t.)=flb7-f(a)
Comparing the above with upper flower sums for

f
'

,
we find :

n
n

[rules:[t.it#tx-t...)EEfYxx)(tu.-tna)s&Mlf!Ctx-..tx3).k--1-*→ ( ta -H

"Ñf:[tn-1.tn.DE . .
- C- Mlf:[tan.tD)¥P

Llf!P)EÉfY×x)(t× - ta,)s Ulf:P)
kÉÉ

Moreover
,
also f. % is in that interval :

Llf :P) Efabf ' c- Ulf :P)

i••ÉÉs.'s
.

Llf:p) flbtfla) Ulf !P)



So 1µs ' ) - ISM -⇒ < E-

can be made

arbitrarily
thus

,
f? I ' = flbl - flat .

small

☐

theorem ( Integration by Parts . If a. v :[a.b) → IR are

differentiable and u

'

,
v1 are continuous, then

y→ it is actually
enough to
assume theySabu ' v = uv Ya - Ja uv ' are integrable .

PI: Let f=µv .
Then f1=u1v+µv ! By F. T.C. :

b

f)n'✓ + art = [ f ' = flbl - fla) = ii. v /
a

"

b bfabiivtfabuv ' ⇒ fabiv.nu/a-fauv ' .

☐

Fundameutaltheoremofcaleuluslifet f:[ais] - 112 be

integrable, and let Flx)=fa×f(Hdt . Then FA ) is

continuous at every ix. c- [a.b) , and , if flx) is continuous

at Xo
,
then Ft) is differentiable et xo with F'Hol -- ftp.



PI: Since f is integrable on Gib]
,

there exists B so

st . Iflx) / EB for all ✗ c- [orb] . Given Ezo
,

let 8=4,3 .

Then if ✗yE[ab] s.to/x-g1cS ,

then ( assume WLOG that ✗<g)
¥-→→ 's

✗

/ Fly) - Flx) / =/ f) fltldt - fafltldt/
-

___

Ix -
y / < f- §

T
lflt) / dtsB.ly - ×)&B•E§=E .=/ gipfltdtf-fxw.is

-

Therefore F is lamformlg) continuous on Gob] .

Note that , for all ✗ =/ Xo :

W/ convention fable - fghf
Ffx) - Flxo) [ fltdt - f? fltldt ✗

= = ¥
.

- 11¥
✗

And /
✗

flxpdt-flxol.fa.dt-flh.li - Xo)
Xo

fix -

Ythus
, if ✗=/Xo , we

have

i. I

×¥f✗?fl✗Ddt=f(xD .



Therefore
✗

¥× (fct) - fkopdt-x-x.fx.fltdt-x.to#fHddi-=Ft?-IY?--flxo1
If flt) is continuous at t-xo.thentfth.ve exists

f>os.t.lt - xo / < 8 then / flt) - flxo) / < E .

So
, if i - xd < 8 ,

then It - xokf for all telxax),

so

µ¥¥ -11*11=1 SIKH - that /
⇐ ¥1.it#-Edt

< ¥1:[ dt=E;
Can be mad

arbitrarily small !



Therefore him F¥¥ - fad = 0

✗→ xo

few Flx)- Flxo)
i. e. F' 1×0) =

✗→ ×,
- = 11×0) .

☐✗ - Xo

Th-m.f-ntegroti.bg substitution) .

Let m :[a.b) → [ad] be

a differentiable function , with µ
' continuous and ula)=c

,

u / b)=D .
If f:[c. d) → IR is continuous then foie is

continuous and :

"

u - substitution
"

y -- ulx)

J fluky n'a) dx =/
d

f. (g) dyab
*F dy - n'lxldxC

PI: Composition of continuous functions are continuous
,

so (foin) is continuous
.

Fix go c- [c. d] and define

ftp.fg?flt1dt
By F.T.CI

, F' (g) = fly) . Let g =
Fou

,
i. e
,

glx)=F/ulxD=gM×)
yo
fltldt . By the chain Rule

,



g
'
lx) = F' lulxl) . n'1×7 = ffulx) ) .

n' 1×1

¥f(uHD
Integrating both sides :

F.T. C .

I

b

fabflulxhiilxldx-fgyxldx-t.gl bl -g (a)
a

d
= f
""
fit)dt -gala)

go
fltdt = gulls

)
- d

fltldt _-{ fly)dy .

Yo relate

☐


