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Recall from Lecture 23 :
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Upper integral :
b

U( f) =] f = iuf { Ulf , P) :P partition of lab]} .

a

lower integral ;
b

[ (f) = f f = sup {Llf .P) :P partition of [• is]} .

•
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In general , Llf) c- Ulf) .

Def: f is integrable on Gib] if U(f) =L(f)
,

and
,

in that case
, a) dx= U/f) =L / f) .

Finally , recall :

theorem .

A bounded function f:[e.b) - R is (Darboux)

integrable if and only if HE>o there exists a

partition P of G.b) such that Ulf ,P) - Llfip) < E.

--

Thin . If f :[a.b) → R is monotonic, then f is integrable on lab] .

PI: Assume f :[a.b)→ R is monotonic increasing .

Let {so be given .

Since f(a) E flx) E flb) for ele

✗ c- [a.b) . Without loss of generality , a
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e. g. , by refining any given partition until mesh <g¥µj



Let us compute VII. P) - Lcf , P) ; noting that

mlf
,
[tie- 1. tis)=f(ties) , Mlf , [tie- a. the])=f(tx)

ibk flx) is Mlf.lt.-" tD)=fH×) - -

•
'

increasing
(see picture) . mlf,[t← , .tn,])=f(tie .) - - - - • "
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Ulf ,P) - LIF ,p)
= [ Mlf , [tattie]) . ¢k - taus)
k=1 ___

- [ Mff , [tan,tiD . ( ta - ta -1)
✗=L f-

£↳% [(Mff ,[tm,tD) -mff.tx-s.tn#tx-tx-s)k--1-fF--fCtx-1)

= [ ffltx) -fltx.SN/tx-tni-1)h--1
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< ⇐ tx ) - fltx-D) ' ( g£⇒
✗=L

n

= ( ¥gµ) .[Attn ) -flta.DK#=ltK-flto)+fxt-fWt-..
telescopic +

fltnl-fltn.cl?-fltn)-flto)--f(b)-fla)--g-f.lflbl-ta)--e.

Therefore UH
, M - Lcf,P)< E , hence f is integrable

on [a.b) by the theorem above
. ☐

Thin . If f :[aib] - IR is continuous
,
then f is integrable on [ab] .

PI: From nenets in Lecture 14
,

a

f. cabs - R is u-mtor-mgwk-as.IE.%⇐÷%¥É%%É¥¥⇒÷÷É,④
-0( b/c it is continuous one closed and

i. e., the sift -0
bounded interval Gib] .) aired is well-defined

.



Therefore , for any given E >0, there exists Frost
.

E
V-x.ge [a.b) , Ix - g / < 8 → 1ft) - fly)K ya .

Motivated by this , we choose a partition Pof [art]
with mesh (D) < f. ( This is possible by refining

any given partition sufficiently many times) .
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Since f is continuous
,

it attains Max & min

in
any

closed interval; in particular, on each of

[tx-i.tk ]
,

4--1,2, . - →
M . and :

11¥" ;¥
- mlf.ctx-i.tn.]) < £a .

- -

= min flx)
✗ c-Ctx- yta] X-cltn-i.tv]

Therefore
u

Ulf ,P) - LIF.P)=E(M(f[tx-ntnd-mlfltn-i.tn#tk-tx-.)h--1
Éb-a



< ÷a . [ (tx- tx-D= E
;

✗=L

-

which implies that =# to -1*-4-4 + Tn - Ks

flx) is integrable .
= - to-tn-e.tn - to = b- a

☐

theorem .

Let f. g :[a.b)
→ IR be integrable functions .

Then : b b

I
• fig is integrable , and ☒ + g) = fabf + Jag .

*
• for any

c- IR ,
the function c. f is integrable , and:÷ Sabc -f = c. fabf .

b

• if f 1×1<-81×7 for all ✗ c- lab]
,

then fabf c- Jag .

• Ifl is integrable , and / fabf / Efablfl .
PI: Read section 33 of Ross

.

continuous
and

Corollary . Suppose f :[a.b) → IR is Tron negative , i. e , fled > 0

for all ✗ c- lab] , and £f=o .

Then f=o
.



n
1¥. Suppose 7 ✗ c- G. b) such

"

choose E- EM
"

that fix) > o .

Since f is

$f continuous
,
there exists too

*¥s¥÷•É¥⇒¥; > sit . flt > f"'
2-
=x for ale

or ✗ 8

$Ef It - ✗ 1<8
.

Then
, by Thm above

,

b b

fafzf 0 =/
✗"

✗ = a. 28>0
a ✗ - s

where 01=-2 in [1-8×+8] and 01=-0 otherwise
.

b

This contradicts ff=o , concluding the proof . ☐
a

Back to the question ;

dim
bQ-in-a.f.fnkddx-f.to#a.ffxYdx ?
¥

In general, NI .
But

. . .

• YEI , if fu→ f uniformly and if

fu are continuous . ( in this case
, feelin fu

n- N

is also continuous
,
and fabf =L:[ fn )



• YEI, if fu→f uniformly and if

fu are integrable ( in this case
, f=£=•fn

b b
is also integrable , and faf=lin ffn . )n→N

a

what if fu doesge⇒ to f ?

If fn- f only pointwise, the equality above

may fail . For example , take

I :[as] - IR , gap . {
1 if ✗ ER

0 if ✗ ¢0

and recall we proved that fix) is n•± integrable
on Coit]

,

since Llfl=0 < 1--011) .

Let ☒ now be an enumeration of ④ Afoot], and

let fn :[as]→R be the functions defined by

1 I ✗ = Xk for some K=1
,
- - -in

fuk)={o £

otherwise



Clearly , fu → f pointwise (but not uniformly) ;
1

and ffndx -- 0
.

0

Even with pointwise convergence ,
there are situations

in which we still have an affirmative answer

;

assumiythotf-limfnisqintegneble.tn
's is bk we

are working with

Riemann /Darboux

integrability .

DOmindtedcouvergenathe.se#
Suppose fu:[a.b) → IR ere ( Riemann) integrable , and

fu- f pointwise and fisalsofhiemennintegre.be#

If there exists M > 0 such that Ifncx) / EM

for all ✗€[abJ and MEIN
,
then -4

"

Dominated

convergence
"
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"¥


