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Riemaundntegral
Let f :[a.b)- R be a bounded function , and, given Sccaib],
define :
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Given a partition P of Gib] , that is ,

P={ a- to < tsctzc - - - < tu=b}
we have the extremal values

Mlf , [truth])= sup { flx) : ✗ c- [tin,ti}
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Definition : In the situation above
,
we define the

Em off with respect to the partition Ptobe

Ulf,P) := [ Mlf , Etna,t←D . (th - tied
⇐1T¥ T.se

"

Area"= Mff , [total) .lt, - to) (Kt)
a # (X) •
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and the looff w.r.to . the partition Pas :

Hf ,P)= [ mlf.ltn-i.tn]).(tin - tin)
e- I¥&
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Definition: In the notation above
,
we define

theU-pperinkoffoufa.to] to be :

U( f) =# f = inf { Ulf , P) :P partition of lab]} .

and the lowering of f on G.b) to be
:

[ (f) = fbf = sup { LIAM :P partition of [• is]} .

•

a

Definition. The function f:[a.b) →R is (Darboux)

integrable on G.b) if Ulf)=L(f) .

In that case
,

we
write

= Jab flx)d× = UH)=L(f) .

As indicated above
,

Ulf . P) and Llfp) are sums of

signed) areas of rectangles whose base is an interval

between adjacent points of the partition P
. Taking

inf & sup as above
,

we obtain "

limiting
"

signed

area determined by the graph of f :[a.b)→R .
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w/ negative sign .



In the sequel , we prove that ( (f) C- Ulf) .

For now
,

let us use that fact to work through some examples .

Example

1) f :[o , 1) → IR ,
81×2×2 (we expect : fÑd× = ¥1? = ⇒0

Consider a partition of G. I] into sub intervals of equal size :

I 1 I 1 I 1
.

. .

I 1 to -_ 0
, 1-1--4 , tz=F , - - .

e. titi - - - In - - I t×⇒→to

B- { the =L ,
k- 0,1 , - - in}
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Ulf
, Pn)= [Mlf , [tenth,]) . # - tna) = [ (E)?I= -

✗ =L

a- iTEE-E-IK.amflH=xZ
is increasing i
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Note him Ulf , Puttin

n-a.in?+gnI+nn--N=limrBtgnF:Ii#=2---§ .

n→ or

similarly , lin Llf,Pn)=§ .

n-n

In fact , U / f) c- § and Uf) > § .
therefore

Proved later

JE Hf ) ÉUIS) c- § hence Llfl - Ulf? i. e.

f. CHI is integrable on G.1) and f?x2dx=§ .

2) f :[as] - IR , fix)={ 1 & ✗☒

If0 I ✗ ¢-19

Claim : f is riot Darboux) integrable .

Since in every
interval [truth. ] with 1-

✗→ < the

there exist both rational and irrational numbers
,

we have that for any partition F- {a-t.c-4-e-etn-t.fm
LIL ,P)= [m( f. [tank]) .tn- ta-D= 0

e-1¥,tk
.



VII.D= [ Mlf , [tenth.]) . (ta - ta-D= [ tu - tu-1
K=1¥,fµ K--I

=# t.li#t.+t4-tY+--Y-ltn-tn-.X"
ted;;pi¥ tn - to = 1-0=1

.

Therefore ,
L / f) = sup {Uf .P) :P portion of laid }=O

To N

Ulf)= inf ( VHP) : P partition of [at] } -1
Is

Thus Llf) =/ 011) and hence f. is not integrable .

Lemoine .

Let f :[e.b) → IR be bounded and Bend Pz be

partitions of [e.b)
,

with BCR .

Then the following holds
;

Pz refines Ps
"

L /f.B) ELIF ,Pz)_< Ulf ,B) a- VII. E)
PI: See Ross ' book (Lemme 32.2 , p . 273)

Thin .
If f. G.b)→ R is bounded

,
then (A) E. Ulf) .

Proof. First , we claim that if P and Q are

partitions of [e.b) , then L( f. P) ← Ulf ,Q) .



Indeed
,
PUQ is a partition that refines both

PUQ refines QP and Q
,
so by Lemme :

LHP) .CL/f.PUQ)sUH.PUQ)-FUlf,Q) .

[
pud refines P.

Recall Ulf)=inf{ Ulf .P) : P partition of (ab))

↳f) = sup { 21GB : P partition of (ab))
Since Llf , P) ← Ulf ,Q) taking the supremum

es above
,

we here Llf) ← Ulf .cl) for any fixed partition Q

of [e.b) . Taking an infimum over Q
,
we find

Llf) ← Ulf) _-inf{ Ulf , :p partition of Coif.
☐

theorem .

A bounded function f:[e.b) - R is (Darboux)

integrable if and only if HE>o there exists a

partition P of G.b) such that Ulf ,P) - Llfip) < E.

Pd . Suppose f is integrable, i. e.
, Ulf)=L(f) . ← largest lower

bound

Ulf)=inf{ Ulf,P) :P partitions flab]} °¥É%e•t
upper

11 Ulf ,Pz) y bound

L / f) = sup { Llfp) :P partitions of [e.b) } . _*µ
Llfl-K Lightf.B)



Given E>0
,

there exist Ps and Pz partition of lab]

sit . CHiPs) > Lls) - § & Ulf , B) <U /f) + £ .

Consider P=PsUPz
,
which refines both Ps and Pz

simultaneously . By lemme
,

we
here :

Ulf ,P) - LIF ,P) ⇐ Ulf ,Pz) - Lls ,Ps)< V11) -1£
/ -4111 - E)

Ulf ,P)EUlf,Pz)
- ① led - Uf)) + E.

- LHP) E- LIKE)

(K: LHP)> LIf.pe)) ¥bg hypothesis

Conversely , if HE> 0 3- P partition of lab] such

that Ulf,P) - LHP) < E, then

Ulf) c- UH ,P) - LIF ,P) + L / f. P)
/# Hf) - sup . .

-

UH -

- inf - - - /
< [ + LHP) E Ll f) + [

Since E>o is arbitrary , we conclude from

Ulf) < Llf) + E that VIII C- Llf) . From previous result

we have Llf) c- Ulf) , so we find Ulf)=LH ) . ☐


