
MAT320/640 Lecture 22 11/22/2021

Exercisesession

1) Let 81×1--1×1 for ✗ c- IR .
Is there a power

series Eaux
"

such that fix)= [ anxn for all ✗ c- f- 1.1) ?

2) Use the fact that e×= [ ¥, for all ✗ER to :

n- Proved in
Lecture21

a) Express flx)=éÑ as a power series
centered etxo.ro

.

b) Express Flx)=fÉ-Edt as a power series
centered dxo=o

.

0

a) Prove that lcosx-aoylslx-glfrelex.ge/R .

G) Suppose f :lR→R satisfies lfkd- fly ) / ⇐ (x-g)
'

for all xyc.IR.

Prove that f is a constant function .

5) Prove that if fix) is differentiable at x=xo, then

h- ofkthl-hflx.in#fYxo)--low

6) HW 4 a)
,
d)

a) [ znzén
'

→ Integral test (see solutions !)

n=1 ☒ Ratio test

Root test



limsup / ALIF ) < 1 ⇒ [ an converges .

n-in (absolutely)

=n3+3Ñ+3n+1
an =3vi. e-

is au+a=3(n+s)?é(ntÑ
'

/

|ana÷|É%n+D?é"=(n+⇒2 e-cnn.hn'
31in? e-

is

= @ +1nF . e-
""" -1¥30

.

< 1

IT
Absolutely blc lankan >0 .

d) [ [sin / n¥)J
- suggests using

Root test

N=L
"

largest subsequentlimsuplauth-lrmnpls.int#)/-- limit of Wine¥1k >a"
h-roo

n-ao

(§inC¥))u,, hmu Isin ¥-1 D.me.
n→N There are 4 different

y
/ subsequent

'el limits :

o
• 0

,

sin t.ws/?I),coy;-)
s

-



Thus
, limsup / since;-) / = cos /¥, ) < 1n→oo

Root test
⇒ series converges absolutely .

-

2) Use the fact that e×= [ ¥, for all ✗ER to :

n- Proved in
Lecture21

a) Express flx)=éÑ as a power series
centered etxo.ro

.

b) Express Flx)=fÉ-Edt as a power series
centered at xo=o

.

0

11

a) el = [ ¥, and set y= - x2
"

n→ Radius of
n convergence :

fate
""=É = É A- to

N=o h=O

b) (lecture 18)
✗

fix_-§fHdtÉ§(É-¥)dt ! [ f. at

0 ME 0

=

←÷÷÷1:
= É

convergence is uniform
neo M ! Gut 1)

- R FR in this closed

¥"t¥
interval , hence
con exchange integral
& limits here

.

I lecture 18)
.



1) Let 81×1--1×1 for ✗ c- IR .
Is there a power

series Eaux
"

such that fix)= [ anxn for all ✗ c- 1- 1.1) ?

• fled -4×1 Recall fled .-1×1 isnt differentiable
"
-

i. ,
at ×. -0 :

①µf)G) = {
1 if ✗ so

D.me.

1

-1 if ✗< 0 ¥-0 →

However
,
a power series [ aux

" with radius of

convergence
Rso is always differentiable in C-Rid

,

with derivative [man. ✗
"-1

.

Therefore fat -1×1 cannot

be written as [ and in any neighborhood of ✗0=9

because it would then be differentiable at ✗0--0 .

R
a fled to

fix)=✗[ anlx -15
.

n⇒_it is continuous
not at Xo -1 .

Continuous
at ✗• =L (even differentiable !)

Im : (fn ) cont . . fu f ⇒ f is cont .



G) Suppose f :lR→R satisfies lfkd- fly)IÉ(x-y5 for all xyc.IR.
Prove that f is a constant function .

11%11=1%1 f- ¥."¥¥ a-

¥_E÷¥×÷=E÷¥¥¥o .

So f' EO and hence flx)= constant . ☐

5) Prove that if fix) is differentiable at x=xo, then

f' 1×0) - thing fk+h)-µfH•

Def: f' to)= tim f¥¥
✗→ Xo

Lemire : f)(a) = In fcxoth)- flat
h→oT

PI: Use substitution ✗ =✗☐+h : ✗→ xo←→h→o

h=X-Xo u

difference "

fin
✗→×. ""¥=¥t¥"Y⇐÷÷;?



(forward) (backward)

E. H⇐+htznfk
" "

missing
"

n→ . fkthl-HYYKD-fk.in# =
him

=
dim f%th¥ +fkd-zfnko-hlh-oflx.tk

) -flxo) I

={ ftp.#--i-zErfW-ntk.-4-[ use substitution
y=Xo-h , y+h=xo

=L f' A.) + 1214×0) . . - =f÷fG+hL=f%.)

= f' (Xo) .

a) Prove that lcosx - cosy / c- Ix-gl for all x.ge/R .

Let f : IR - IR be given by flx)= cosx .
Recall that

fix is differentiable at every ✗c-IR and 84×1 __ - sinx .

Given xigc-IR.se) y < × , we apply the



Mean Value Theorem to f :[g.×] → 11? and

obtain :

flxl - fly ) = f'G) • (x-g)

for some 2- c- ( y ,x), that
is ;

asx - cosy = 1- simz) (✗ -g)

Taking absolute values
,
we find :

lusx-asyt-1-sinz-l.lx-yle-lx-gl.LT
I


