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theorem . Suppose f : ICIR →R is defined on an

open interval I -- (a. b) containing Xo
, and assumes

a maximum for minimum) at ✗ =xo
. If-f

di¥É=o ,

then f)1×4--0 .

(
e.g. fix)= 1-1×1

¥1 ::¥→¥÷has a Max. at ✗=Xo=0

but is not diff. at x=xo.

Proof: Say flk) assumes a maximum at ✗=xo
. Suppose

by contradiction that fYxo) -1-0 .

If fllxo) > 0 ,
then

✗ c- (Xo-8,4+8)

0<14×0)= din - É"¥+s✗→* f¥¥⇒
there exists S > o such that if oÑÉthen

fil - fled
- 70 . If we take Xo< ✗ < Xots

,

✗ -Xo

then ✗- Xo>0 and flx)Eflxo) since fled is amex
.



This contradicts f(×)-fk#>jg? fix
> flxo)

>o

If 14×01<0
,
then proceed eo above end find

f) 0 such that if 04×-14<8
,

then

flx) - flxo)
- < 0

.
If we take Xo- 8< ✗ < xo

,
then

✗ - Xo

✗- Xo < o so flx) - flat >0 ×.-5 to
xots

i. e. fix> fled
, contradicting the fact that fay assumes

a maximum at ✗=xo
,

so fcx) Eflxo) .

Therefore f' 1*1--0 as derived
.

☐

Rolléstheorem .

Let f :[a. b] → IR be a continuous

function that is differentiable on G. b)
;
and s.t .

fla)=f( b) . Then there exists Xo€( a.b) such that face)=O .

n

PI: From the Bolzano- Weierstrass ,

fie)=f(b) - - -Y•÷¥Thin , the function flx)

assumes a minimum and a maximum at ix. bi
on the closed interval Gib? say
✗
mini ✗m•×E[ a.b) such that flxmin)Ef(x)Ef(xmeo)



for all X€[qb] . If ✗min . Xmax are both endpoints

of [ab] , then fun is constant
,
so f'a) =-D . If not,

then at least one among
✗min , Knox

is in the

open
interval (ab) ; so by the previous theorem

we
have that 14*1--0 at that point .

☐

Meanvahetheorem .

Let f :[a.b)→ 112 be a continuous

function which is differentiable on (a.b)
.

Then

there exists ✗oE(a.b) such that

A

f

-

""" ÷÷÷i: "b-a_
slope of
tangentline to line joining F•¥g•

>

graph of fat oh , flap to lbiflbl)
at ✗ =Xo

PI: Apply Rolle 's theorem to the auxiliary function

L(a) = flatglx)=flx) - LK)
b)=L (b)

4×7=1%-111--4- a) + flat



Since gloi-f.la) - Va) -0

g(b) =flb) - Llb)=o

and g:[a.b)→ IR is continuous and

differentiable on ( a.b) , we may apply
Rolle 's theorem to gad and conclude that

there exists ✗• c- Cab) such that g4*)=o .

Note flb) - flatglad __f4x) - L' 1×7=84×1 - Fa
so glad -_ 0 ⇒ fkxot-f.kz?-fal4- . ☐

CoIequen#eMeonVaheTheorem_:

trop : If f :(a.b) → IR is differentiable , then :

( it f is strictly increasing of f'(e)> 0 for all ✗c-(a.b)

pi ) - i. - decreasing if fYx)<o - u-

Kii ) f is increasing if f
' /H2o for all ✗ c-Cab)

( in fis decreasing if fYHEo -,-



PI H take a<xs<xz<b. By Mean Value theorem

there exists Xo -4×1,k) such that

0 < fYxo)= fl×z)-f(
Xzo

So flxz)- fla) >o.ie . flat < flxz) .

Similarly for Ciii
,
liii)
,
and 44 .

☐

Got: If f :(a.b)→ IR is differentiable and

such that fYx)=o for all ✗ c- laid , then

flx) is constant on (ab) .

PI. Suppose fan is not constant
,
i.e. there

exist xscxz
such that flee) =/ flxz) . By

the Mean Value Theorem , there exists

xo-clxs.kz/s.t.O--fYxo)--ff?⃝⇒
so flat-faced , giving

Xz so
the desired contradiction . ☐



Cori : let f and g
be differentiable functions

on (ais) such that f' 1×1 -- glad for all ✗Hab) .

Then there exists CGIR such that fledgling

for all ✗ ← (a.b) .

PI: Apply previous corollary to fat -gun .
☐

Inversefvnetiou

theorem .

Let f :(a.b) → IR be an injective continuous

function . If flx) is differentiable at ✗=xoE(e. b) and

fllxo) -1-0 , then f-
'

(g) is differentiable at

y=y. _-fad and (f-1)
'

Iyo)=gy÷, .

PI: Note the image f( laid)=(c.d) is an open interval .

Off'H= EYE fl¥f¥ ,
so we have

:

lim ✗=y÷g .

So for any
Go

.
there

✗→ xo fix- flxo)

exists 8>0 such that 0<1×-428, then



- 1 f was

|s¥÷⇒ - ¥, / < e. ↳+ g- F. ÷÷÷injective!
gly ) - ✗⇒ flaky

we wish to show glyt is differentiable etg=y. .
By earlier results

, g
is continuous

,
so there exists

y > o
s- t . 04g -H -y then lglyt-glyokf.ie.

¥
lgcy) - ☒1<8 . By the doors

4-Hq⇒|g§¥;÷⇒-¥⇒|< •
Thus

,
since g4

=
JY)-JY we conclude

fight) - fcxo) y - y .

bmgtsl-SI.iq : " 991 is deff.that
y→y. y - y .

at f- go and glycol --¥, . ☐



Eixample: f :[o , to) -R , flxl = ×? now

is injective and has inverse function given by

g :[onto)
- IR

. gly)=y""=fy

By the above Theorem
, g

is differentiable, and

I 1

840)=g¥,
=

¥1
-

¥4m
-1=1

m.yi-1-n-h-y.it#-1n.gok-iXM--f(Xo)--yoyok--glyo7--
Xo

so : dd-yly.tn/=1nyt-1


