
MAT 320/640 Lecture I 8/30/2021

Rationalnumbers
✓

7- =L - . . , -2, -1,0 , 1,2 , - - - }

☒={ F. : a.bek
,

b -1-0}

It: Given two rational numbers x.yc.IQ, is there

another national number 2- c-☒ s.t. ✗< zag ?

¥÷=g
>

Yes , for example, we

may take

Albie ,d.CI, b -40 , d -40
2- = ×÷

=1(E. + E) c- ☒

E. g. ,
we can also take weighted averages such as

2-1=2×+31 ,
zz= ^t¥ E

t.IE

Can iterate and get infinitely many
rational

numbers between anytwox.IQ .



If : Given rage ,
are add numbers between

✗ and
y

also national ?

s (Note : by
"

all numbers in between)we mean every
2- EIR such that

✗ czcy Inkjet

AI: NI
,
for example , consider ✗ =L and y¥2m¥

and 2- = 52 .

← -22=2
;
i. e.

2-2-2=0

Prod: Ta is not a rational number like )
.

PI: qpposerEc
that is if , a.

bid
,

b -1-0
.

Proof by [
simplified

contradiction . fraction :
a and b have
no common

then bfz -- a / so 2Ñ=a? -

divisors
-

Thus of is even
;
then a is also even .

Then of must be divisible by 4
.

Thus b' is

even
;
because b?- ¥2T@

" ↳ 4) So b is also even
.

But a and b cannot both be even
,

because we assumed they had no common

divisors .

This contradiction proves
that rz¢☒ .

☐



Ratioud2-erostheoremletn.IN
,
and an

,
an - as , - - > as , a. c-

7-
.

Consider the equation

(simplified) Anil + any ✗
""

+ - - - + a1X + ao = 0 .

→

If r= FED , c.de?4d--/o , where cand d have

no common divisors
,

solves this equation ,
then c divides ao and d divides an .

PI: Since a- Ed solves the equation , we have :

an (F)1am , / F)
""

+ - - - + a
, (E) + ao - o .

To clear denominators
,

we multiply both sides by

dn
,

and obtain :

an .cn + am,
c
" - ! dtan-z.ci"d2+ - - - + ascd

"

"+aod"=o

Solving for aodh to get :

Aod
"
= - fan .cn + am,

c
" ! d. + am.ci?l2+---+ascdn-)=-c(and-1+anych-?d+an.zi-sd2t--+agdn-)
F-



So it follows that c divides aod? Since

C and d have no common divisors
,

it

follows that c divides do .

Solving instead for and
,
we find :

an = - 4am,
c
" ! dtan-z.ci"d2+ - - - + ascdtttaod)

u-2

= - dla-n-i-an.gg?d----+a---at-D
This proves

that d divides an .cn .

Since C and d

have no common divisors
,

it follows that

c divides an . ☐

Corollary : Let new and an -1 , - . - , aya. c- 2 .

Consider the

equation
monic
→ X

"

-1 An -1 ✗
"*

+ - - - t as ✗ + ao - 0

Any national solution re of this equation is an

integer that divides a . .

PI: By Rational Zeros Theorem , r=£e☒ ,
where c.de?1d-to

have no common divisors is such that d divides 1
,

and c divides do -
Thus D= 1=1

;
hence r=±c . ☐



Application : Another proof that E¢☒ .

Consider the equation ✗2- 2=0 .

( this is of the form

By the Corollary above
,

✗
"

+ an -1 X
""

+ - - - t as✗ + ao - 0

any
national NE with n=2

,
and aa=o

,
a. = - 2.)

that solves I-2=0 must be an integer that

divides 2 .

The only integers that divide Lore :

1=1
,
1=2 . Checking all of these

,
we see that

none of them solve E- 2=0 . Therefore , there

is no rational solution to ✗2-2--0
,i.e.EE/Q.Ex-:Prove that V17 -4$ .

( Using the same approach)

Sof: Consider the equation ✗2-17--0. By the

corollary, any
national solution re to this

equation is an integer that divides 17
;

hence one of 1=1,1--17 .

Check that none of

these solve the equation, and hence V17 ¢ .

EI: Prove that 86¢ . (using the same approach.)
Consider the equation ✗3- 6--0 . By the

corollary , any
national solution reef to this equation

must be an integer that divides
6
;

i. e.
,
one of



1=1
,
1=2

,
1=3

,

1=6
.

Check that none of these

solve the equation , and this 76T¢ .


