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Limits

Deff: If f.sc/R-sRandXoES ,
then

him flx) =L if HE >o -38>0 such that

✗ → Xo

Note. We do
of Ix - Xo / <8, then If - LICE

.
not need toassum!is defined at

Deff : If f. SCR - IR and ✗o€S
,

then ✗=Xo

him
✗→ *
ft) =L if for all sequences (xn) ins

such that Xu → xo
,
we have fan) → L .

Props: Both definitions above are equivalent.

A) ⇒ to let in) be a sequence
in S with ×n→✗o .

Let E> o be given .

From (1) there exists f > o such

that if 1×-1/01<8 , then Ifk) - LICE .
Since

✗n→xo
,

there exists NEIN such that if MZN ,

then Hu -xoks
,
hence Ifan) - LICE .

e) ⇒ 117 Suppose that (2) holds but (1) fails :

FE> o s - t . V8 > 0
,
we have IX - ✗defend lfcx)- Ll > E.



Choosing 8--1 for each new, we have that

3- xns.t.lxn-xolcf-l-nandlf.hn) -47C

Clearly xn→x. but fcxn) ✗ L since flat

is bounded away from L by E > o . This contradicts

Def 2 ,
so it implies that the assumption that

(1) fails is wrong , so (1) holds as we wish to

prove . ☐

laterdliwitsb.nu
fix) =L him 81×1 --M×<!✗→ a-

a< ✗ + s
✗→ at

(1) HE >0 3870 s.to/ if 4) V-E> o -3870s.t.fr/tx-aKSend ×> a
,
then

Ix -alcs end ✗ < a { ya, -me .

then lflx) - LICE

(2) For all sequences Xu→ a (2) For all sequences ✗u→e

w/ Xu < a for all MEIN, w/ Xu>a for all new,

flxu) → L .
flan)→ M

¥ *a



Prod: him flx) =L if and only if both

✗→ a

date rel limits exist and are equal to L ,
that is

,

limflxl-L-l.vn fly
✗→ a

-

✗ → a
+

PI: Exercise . (Using Def 1 or 2
,
es given above)

EI: The above can be used to show that some

limits do not exist : e.g. , fix)= ¥-1 for ✗ to
.

fix)=¥={
1 it ×> ☐

← 1×1 - ✗

- 1 if ✗ co ← 1×1 -- - ✗

a fix
1 flat

-000 @ • o @ O

Xu Xu

111111411mm

flat -1
a • o • o_O

- 1

him fix)= -1 =/
ten fix)=1
✗→ 0-1

✗→ 0 -

so dim flx) does not exist
.

✗→ 0



Derivatives

Def : A function f :D CIR - IR is differentiable
at XOED if the following limit

exists :

him
✗→×. f¥!

In case it exists
,
we write fY×o)=¥;zt¥¥

Exaiple : flH=x2 ,
let xo EIR

z

=
- Xo) .(✗+xD

fled - flatdin
- =

him
✗→×.

tin 1×1%3=2×0
✗→ Xo X - Xo ✗→ Xo

go flx) is differentiable (at every ✗☐
c- IR)

,
and

f) (x) - 2X . ✗1×5=4 - Xo)(x"→+ . - - )

similarly : flx)=xh€f4×)=n×n -1
Recall: By basic properties of limits (and hence

of derivatives) , we have that the following

hold :



1) Linearity :

tin faflx) + bglx)) = alim fix + b linga)
✗ → Xo ✗ → Xo ✗→ xo

faflxltbglx))
'

= af 't) + bg 't)

2) Product rule :

him ⑨ IN .gl#-(limfKD-(fI..8kD✗→ Xo
✗ → Xo

glx))
'

= f't) -glx) +

flxl.gl/x)lflxd.g1xH'--¥ ;f""s¥¥""s

¥:C"¥÷¥s"¥¥)

=÷÷¥¥¥÷÷÷÷÷:÷÷÷÷÷
= f' (Xo) - glxoi-flxo.gl/xo) .



3) chainR

Prot: suppose f is cont
.
on [ a.b) , f

'

a) exists

at some ✗ c- [a.b) , g is defined on an interval

containing f(Caio]) and g
is differentiable at

ftp..sn#-c---*------iR
fun g(f(xD

Then hlt)=g( f. (4) =§o f)It is differentiable At-x

and hYx)=gYfl×D - f 't) .

Lenny: ☒ It) is differentiable at ✗ if and only if
there exist d. c- IR and alt) a function with

him ult)=o such that # -0/1×7=4 - x)fd+uHD
1-→✗

011-1-011×1(In the above
,
d- 0/4×1

.) 04×1=11t-x-tk.mx/d+ultD--d-linnlH--d
.

t-÷
PIC chain Rule) . Since f is diff . at x

, by Lemmon

fltl-flx-ct-x.ly/x1-ult1)
where ¥5, ult - o .



Since g
is diff at y= fled , also by lemme

:

glsl - g(g) = Is -g) ( g'G) + v61)
where limits)=o .

Let h(H=g(

ftp.thens-syhltl-hlxl-glfltD-g/flxD=(fltl-flxD(gYflxD+vls
))

= ftp.fjkd-u/t1).(gYflxD+rlsD
So
, if t=×, dividing by t - ×

,
we find

hH¥ = ⑨ a) +u¥).(gYH×D+Y÷→,O
1- →✗

Letting 1-→× and s→g in the above
,
we conclude

:

µg×h¥? = ⑨ '
A) to)( gkflhi-o-gkflxD.LK) .

TF
☐


