
MAT 320/640 Lecture 18 11/8/2021

Recall from last time :

T-hmfweierstrassM-test-1.lt (Mk)# be a sequence such

✗

that [ Musco
. If g×(×) is a sequence of functions

k=1

such that Ignilx) / EM for all ✗es and KEIN
,

then

[great converges uniformly ons .

k=1

too

let glx)= [ quad, where g×lx) are as above
.

✗=L

From earlier results (continuity is preserved under uniform

convergence) , it follows that if gadx) is continuous

for all KEN
,
then so is glx) .

Domain of glx) if it is a power series;

i. e
, 8×1×1 -- an,x

"

for all KEN ?

If the radius of convergence is R=¥ , where

p= limsuplanl
"

,

then Domain (g) contains C-RR)
.

n→N
*

Proposition : If [ aux " is a power serves w/ radius of
-

a-1

convergence R
,
then if 0<R1< R ,

the power series

converges uniformly on S=[- R1
,
R1] to a continuous function .



Pt: Let O CRI CR
,
then note the radius of

convergence of [ qxxk is the same as that of

k=l to

to

[ lax / ×" .

Thus
,

as Ra CR
,

we have [oh /RE - a
Kel

k=l
to too to

and [ KEY _- [ land . 1×1's Eland . Risa
;

k=l gndx) ✗=L ✗=/ TMF

if NERI . Since [ Min - so , the power series
k =L

É axx
"

converges uniformly on S=[-R,R .] by
K =\

the Weierstrass M - test
. ☐

too

Corollary : The function gG)=[ anti es above is

✗=/
- R, R ,

CE-#Continuous at
any xo-cl-R.RS

.
- R

*
• R

PI: For any
xo-cl-R.ir)

.
there exists O<Ra< R suck

that Xoe[-R± ,
Rs]
,

so glx) is cont . etx-xobylheabore.es

Leonine : If Éeux" has radius of convergence
R

,
then

U =D

too

[n.an.in
-1+°

and [ LIT ✗
"+1

also have radius of
h=1 Me 0

Convergence equal to R
.



PI: First , note that the radius of convergence
too

of [Manx
""

is the same as
that of

M=l

to

✗ . ([nanxn
-D= [ manx?

The same holds for
M= I

n = I

too

{ a- in .

So the radius of convergence for
neo

MTL

where
these series is

R= 1
p

Yn

p = limspln.at = him n
"

- limsplanlk-pm.mederivative h- a horn
n →
a

-

=L
fboriginel

Yn
Yn

pintegrd-linsup.tn#--lim-+-pilimnPlhnl--poripneen-wnew
horn

E-
forgive ☐

"

I-ntegotionterm-by-te.mil :

theorem . Suppose flx)= Éanx
" has radius of convergence

R
.

he 0

Then
fffitidt = [ ✗

"+1
for 1×1 < R .

h =D



Pfi. As seen above
, fix _- [ aux" converges uniformly

M= 0

on ER , ,R ,] for any o<Rs<
R

.

Thus for all 0<✗ < Rs :

Ilecture 17

if instead
tin f) ( Éoaxt

"

/ dt-t-fff-Hdt-r.no ,

n -n then pf is

analogousTt fimite?⃝ ( left as exercise)

✗

f) fultldt-f.YI.am/dt--Eff.aath)dt-n=Ea.:::-.1i--Eat::÷÷j
✗⇒ ✗⇒

n

=£9¥xh← Partial sum when
of the series

É÷- ×

"'

✗=o

Taking blunts es n - o in the above proves
the

desired result . ☐

"

Differentoetiouterm-bg-a.ternitheorem.su
ppose flx)= Eaux

" has radius of convergence
R

.

too
h=o

Then f' G) = [ n - an - ×
"

for 1×1 < R .

h = I



Proof must not use limfnlx)☒ f) (x) if fu→f .

n- n 4
TAKEI

(Recall that differentiability need not be preserved under)uniform convergence , like
, say , continuity .

PI: We will use integration term- by- term .

too

let glx)= [ man - x
" and reede that the

M =L

radius of convergence of glx) is the same as that

too

of fact [ an .×n . By Integration term-by- term , we

m⇒

to ✗have

f.
✗

gltdt , naut"Ydt=[ ant" /
n- 1 n=1

°

= [ aux" = flx) - ao .
M _- 1

✗

Therefore , as flx) = foglthdt + a. , by the

Fundamental theorem of Calculus dd-xffgltdti.ge)
so f' G) =gH , for all 1×1<12

.

☐



Revisiting an example from lecture 15 :

→
Heuristically / Informal

ft) -_ [ ¥ -_ ✗ + É+¥+¥+ - - -

n⇒
É

Radius of convergence
? -1 0 I

p= tins.pl#k=lni:z-nn--1.--sR--1p-- 1 .

n - or

From the results discussed eborue :

f :(-1,1) → 112 is continuous atoll xoc-C-i.cl
.

and differentiable at all xoc-C-i.it
.

Differentiation term -by - term gives :

too
☒✗

n -1 to

fYx)= [ = [ ✗
"

= It ✗ +5+5+51 - - -
h =L m=0

A- 1- if 1×1<1 .
If

Geometric 1- ✗
series

fact f¥×=ln .

Rudi. Integration term - by - term gives
to ✗nt1

fftxdx-E-n.ge + + ¥2 + - -
-

A- 1


