
MAT320/640 Lecture 17 11/3/2021

MNE-um.fr#geu-a&WeierstrassM-test.Recale-:fn-funiformly on s if
He> 0 IN c- IN s .

t
.

uzN ⇒ / fuk) - ft) / < E for all ✗€5
.

[
"

Graphs of fu
converge to

the

fu cont . on S ⇒ f is cont. ons graph of f overs
"

fu diff . ons#f is diff. ons .

Thy . If fu → f uniformly on
S - [a.b) and fu

is continuous for all n.CN; then :
b

him fab fund✗ = Ja ftxdx .

n→N

PI: Since fn and f are continuous, so are fu - f

(for de neuf In particular , fu - f are integrable .

/ fabfnlxldx - fabflxldx / =/ Jab (fuk) - fix)) dx /
Triangle
inequality % fab / fuk - fled / dx

( for integrals)



Given E> 0 , there exists NEIN s -t . m> N

for all ✗ c. [a.b)Ifnlx) - flat c £a
Thus

, for u>N
,
we have

b

lfnkd-fkdldxfgoifnandx-fi.mx/--faT-a
,

< f! ÷adx = ⇐ fbadx = ⇐a. to - a) = e
If.b=b-a

We conclude that if u>N , then / gbfnkddx-febfk.lk/ < E
b any I

'

i. e. § fulxldx → fflxldx . ☐
a a

Exaiuple: compute the following limit :

n- n
foot n×+suinM dx = limfotfnkdx -10111×7 dxhim

n -o /-
cannot be computed b/c fu→ f uniformly
explicitly as a sequence sn on [0,13
because fsiniiydx cannot
be expressed in elementary terms .



fuk) = m×+sIt converges uniformly to flex ;

because: fnlx) = ✗ + simn = fix) +sina.me#V-x./fnlh-flxY--/sinI*)-/znl--< [

if U > [ %) = : N
;

i. e. (In - f) → 0 uniformly
hence fu → f uniformly .

By the above revet, we find ,

him fit n×+suintd×=ff×dx=?⃝
,

n- n

-

f§nHd×
-

a) dx

How can we ensure fn converges uniformly to some f ?

Definition : A sequence (fn) is uniformly Cauchy:#Eso

FN E- IN s.to . M ,
MIN ⇒ Ifn G) -fmlx)KE for all ✗ES .

theorem . If (f) is uniformly Cauchy on S
,
then

there exists a function f such that fu- f uniformly .

PI: (1)
"

find f
"

.

For each ✗☐ c- S , we have that



(fulxo))neµ is a Cauchy sequence .

Since Cauchy seq .

lim fnlxo)
.

are convergent, we here that Fy . _-n→

Define fled - go ; for all
choices of XOES . This

defines a function f such that fu-f pointwise .

(2) Prove fn→f uniformly .

Since (fn) is uniformly
Cauchy , HE > 0

,

3- NEIN st .
mm> N ⇒ lfulx) - funk)K§

Taking the
limit as

MT to in lfulx) - funk)K§ we see
that / fnlx) - flx) / SEELE .

So
, given E>0, 3- NEW

5. t . n> N ⇒ lfnkd-f.cn/cq that is fu - f. uniformly.
☐

T-hmfweierstrassM-test-1.lt (Mx)#µ be a sequence such

that ÉMx< •
. If g×(×) is a sequence of functions

k=1

such that Ignilx) / EM× for
all ✗es and KEIN

,

then

[gndx) converges uniformly on S .

E-
i. e.
,
the sequence of partial sums fnlx)=

[ grid
✗=L

N

converges uniformly ons
to fix)= [ gndx) .

✗=L



GI: If g×(x) are as above and continuous ons, then

do

flx)=[ get) is continuous ons
.

4=1

n

PI /Weierstrass M- test) . Consider the sequence fnlx)= [ gadx) .

K -4

By the
results above

,
it suffices to prove that

(fn) is uniformly Cauchy .
Since [Mix <so, the

N
K=1

sequence Sn - { Mix of partial sums is Cauchy .

So
,

Kel

for all E >o
,

there exists NEW s.t.fm >MIN

then Isn- SMILE , i. e É Mx < E because :
K=Mt1

u m

Sn - sm= { Mix - {Me
✗=L K=l

= (Mst - - A- Mont Mount - - - +Mn) - (Mat - - - + Mm)
n

= [ Mk
K=Mt1

Since Igxlx) / EM× , it follows that
, e.g,

m n
n

lfnkdf-IEgn.ca/EElgidxY-EMxh=tT ✗=L
K-7

triangle
ineg .



Similarly , if u>m> N ,
n

EM× is

/ fun - funky =/ Egm - £8k" / Éa✗=L ✗=L

n
n n t

=/ Egm / ⇐ { lgndxsl E E Mais c
K=mt1 4 k=mt1 µ K=mt1

triangle1gadxYc_M@ineq.u
so fuk) - [ gadx) is uniformly Cauchy , as desired

.

Kel ☐

Exempt : Show that fix)=É¥ is a

K=1
continuous function on IR

.

Use Weierstrass M - test with 9×1×1 = ,¥gz .

Clearly lg.in/--x-I/c---iSetMx--1* .

ÉMk=É¥z < a ( p - series p -2)
K - I k - I

do
u

therefore fuk)£gadx) converges uniformly to flit [⇐ ,

JKA) .

✗=L

In particular, flx) is the uniform limit of continuous

functions hence continuous
.


