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to

Las : Q : we know that ft) -- [ aux
"

is a

M = 0

well-defined function if IXKR ,

but is

it continues? Different ? ftp.R)

More generally , consider a sequence of functions fuk .

n

e.g , fnlx)=[
auth seq . of partial sums of a power series

✗=0

fnlx) -- in
,

fuk) - sinlnx) , fnlx) -11-1×17

Def: The sequence
( fuk))n€µ converg-E.se

to fix)

on S if him fuk)=fk) for all ✗ €5
.

n→N

(write fn- f pointwise)

E×Ty fuk
- ×
" 5=6,13

fstd-xfzlx.is°¥? giant gain __×
"



1
?
- - - - •

' flx)={
0 if ✗ c- G.1)

fix i
1 if ✗ =L

i. >

(discontinuous at ✗=D

fn→ f pointwise because : 12m£ : In general,
the limit

o if 0£ ✗ < 1 , then ✗
"

→ 0 (pointwise) of a

sequence ofwhile if ✗=L , then ✗
"

=L
- continuous fats

needaIF.fi?:s!Exauple--fnlx--(1-1×1)
"

ou S - [-1,1] .

Similarly to the above ;
a

• fix -1-1×1 fly __ {
0 ✗ to

1 ✗ = 0

,

few -4-1×15
fslx) -41-1×17

1 fu→ f pointwise .

M

Note: By definition , fnlx)=[a×✗
"

converges
k-o

n

pointwise to ftp.#zan,xx=limEaxX
"

n→D ✗so
4=0

for all IXKR , where R=1p , p - bmaplanl ?n→x



'ñ•+÷Eixample: fire)=sim(m×) first video as an exercise. Here is the solution:
-

-_

The sequence
lsinlnx))neµ converges if and only if

✗ is an integer multiple of it, oe . if and only
if sinlnx) -=O for all n c- IN .

Thus
,
fulx) above

doesnt converge
(pointwise) to a limit function

on any
set SCR that is not

contained in

711T _- { unit : MEK} .

If SCZ.it
,

then

fn EO so fn→fEo trivially .

: The
sequence (fnkDneN convegg to fix

on the set
S if He>o 3- NEIN such that

if MIN; then / fuk) - flx) / < E for all ✗€5 .

ifmZN.hn
A

fnlx) is¥⇐_m¥ " "• *Ientirely contained
in a stripyw,,µaround the

graph of flx)
>



Exaup fuk)=x
"

on 5=6,13

fu - f pointwise
&

I,¥ fu - f dt converge uniformly :

Ff •

ftp. {
0 if ✗€6'D 1-

1µF1 if ✗=L ¥e÷÷.eventuallystrip of
width Go
around the :

graph
of fix 1-

- -
- - -- -

I

fuk)= Insinlnx) converges uniformly to fcx)EO :

fzlxt-simxfzlx-1-zse.nl
2×7

fnlx) oscillatese-
-
-

:
-
-
-

T more frequently
as Mata ,

but the÷¥÷:¥¥E÷É amplitude of these

I
-

= =
-
-

oscillation>
goes

to Eero

- 1 (uniformly) .

Rigorously : -1ns fuk) c- In HER



Clearly , fu→ f pointwise .

But also uniformly :

Given E> o
,
take N=T%>+1 , i.e. the smallest integer

larger than Ye
.

Then
,
for all ✗HR .

we have

that if MIN , lfukdf-ftnsinlnxk-l-n.cc

Rmfn→f uniformly ⇒ fn→f pointwise
*

them . If fu→f uniformly on S and fuk) are

continuous on S
,
then ft) is continuous ons

.

PI: Using the triangle inequality
twice

:

lftx-flx.IE/flH-fnlx)/t1fnlx)-fnCxo)/-lfnlxo)-flxD1-

=÷*with continuity
these are
controlled with
nnif . convergence
fn→f .

Given E> 0 we need to fend 8>0 such that

if Ix- ix.1<8 , then / fled - fled / < E.



lie .

this will prove flx) is continuous at ✗⇒
Since fu -f uniformly 3- NEIN s -t . if u>N

and ✗ es then Ifncx)- fi) / < 43; and in patiala

/ fnlxo) -flxo)/ ( Ets - Since fnlx) is continuous at x=xo
,

we have 3-8>0 st
. if 1×-4<8 , then

lfnlxtfnlxo)/ 543 . Setting n=N in 4) , we

see that if 1×-4<8 ,

then :

lfkd-flx.ME/flH-fnfx)/tlfnlx)-fwCxo)/-1fnlxo)-flxD1T--:-:-
<3 . § - E . ☐

"

So one can say : uniform convergence preserves continuity!

Q : Does vmforma preserve differentiability ?

A-: No .

The seq.fm/x)--xF+Econvegespointaisetofcx-- 1×1 .

because
: Aw FIE = if -4×1

n→

FE FE



The convergence
is uniform :

Even though fucx)
d is differentiable knew

' ' • •→ moms .

flx)-4×1 is not

differentiable atxeo .

'

'

i.i
'


