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Def: A powers-erier.is a series of the form [aux
"

M=o

to

[ aux
"

a-of 4
↳efficient

Variable

to

Def (radius of convergence) . Consider the power series Eaux
"

.

u =D

Let f- limsyp
lani! then define 12=1 .

n→ p

w/ convention:{If p=
0
,

then R = &

If D= xo
,

then R=o

to

Proposition. e) If 1×1<12
,
then Eaux" convergesN=o

a) If 1×1 >R
, then [ anxn diverges .

n⇒

converges here !
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I
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diverges here
✓
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Pfi Reminder: Root test

Éan converges absolutely if lrnsplauih < 1N= 0
n=o

n→N

-1- diverges if lrmsp talk > 1
n- ao

(test is inconclusive ñf buggy lent
""
- 1)

limsuplanxnlk-limspdanl.IN)
"

n → o
h- ao

= limsup taut
"
? 1×1*1 (Def . of radius

in-so

= 1×1 . limsp Ian ,"n±,×,%
of convergence)

n -n

so if KKR ,
then limsnplanx" /

""
< 1

,
hence

u→ so

too

Eanx
"

converges by Root test .

n=D

Similarly , if 1×1 > R , then liwsplanx
" /
""
> 1 , hence

n-n

too

[ anx
"

diverges by the Root test .

MTO ☐

What if 1×1--12? 0 ✗

⑧ converges here! Is

Example-EE.EE#---j----*---Eliverrsn--1Hnau=--
⇒ p-timsplanik-bmsy.lk/-nk:nnf--1 .

N- N
m→ so



R=p1 =L . p- series w/
p =L

If ✗=L
,
then ¥ = [ ±

#Harmonic series

diverges
M=1 h=1

p-Ser%If ✗ = -1
,

then [¥ converges if p > 1

n -1

diverges if p c- 1
.

[ xnt-n-EC-i.in Converges
.

h=I n=1

"

Alternating
Harmonic Serves

"

EE ?
I. Can we define f :[1. 1)→ Ras f. G) =

n= ,

E. Yes .

What is fled ? Is it continuous? Differentiable?
Geom

.
Series

n

Heuristics " [ = 1 + ✗ + + ×
>
+ . . - . .

=/1-
-

h-o 1- ✗

( if 1×1<1)

f§xYd¥ÉSñd×
IF n=o

too n-11 X
"
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É I = fix1¥
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This suggests fix __f¥d×= - luck - ×)

=ln⇐)
Read : From lecture 9 ( video 1) :

* liminf /% / ← liminflanl
" shmsplan /

""slinsp / 1¥ /
n- n

na

z
n → a

n → a

Prof: If 1%+1=1 converges ,
then III. 11¥ / =p .

PI: Recall that (su) converges if and only ifMEN

liminf su = kmsp sin .

So if 1%-11 converges ,
m→oo h→*

then lamp" also converges, and him /ant
"

:p . By
n - ao

* it follows thot limp:÷ /=p . ☐
~ → oo

Examples . Find the radius of convergence R .

Determine

if there is convergence
at the endpoints 1×1--12

.

to too
too

a) [ I b) En !×
" c) E EE

m- y
NZ h=O N=o

An - 1 an __n ! an =fY2% if 31in

M2 20 if Stu



É ¥É = 1×0+1×4-1×4×2=+1×4+1×4 # + - -

-
-

✗⇒

y 111141
do -- 1 And --hz=o 93=12 94--4=0 h6=¥the only powers

of ✗ that show up
/

K-43
(with a nonzero coeff .)
are those of theformn-3.tn#yThenan--Ix=J-sIfn=3h+1orm--316+2

,
then An-0

.

a) [ ± an -- Te
n- I

MZ

=limp-- limsipknl
"

n→
fin = 2=1

.

n → to

R=§= f- =L .

1×1=1 ✗=L : É ¥ converges .

h=1

✗= -1:[ II converges .

h=1

←¥I



too ← Only converges if

b) En !×
"

an __n !- ✗→

in =D

everywhere else.

• 1÷H÷⇒÷÷÷÷ .
pelimsplanl

""

n-•

So
, by the Prop above

, P - N;
thus R - O

. ( No endpoints to analyze) .

c) É ×I alan
""

h=o
2h

An =f%% if 3 /n

LO if Stu¥É÷÷• -
Note: tan

""
does not converge

iliminf / an /
""
= 0

.

b/c an -0 for infinitely
n→o many values of m.

burnplant
"" I

=hm1¥|"=k:¥¥ :&f- n- o n- n

→these ere

the only
nonzero wolves

of tank .

R=1=L=qz
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Endpoints . diverges.

✗ =F2

¥?Ez¥
+.

neo
2-

= [ 1 diverges .
M = 0

even ifzln

✗ = -72 :
odd if ztn
1

to ⑤ totqc-EE.E-i.EE#--El-D--E-i-iU-
0 h=o h=o µ n=o

1-Ñ=-ñY=tñalso diverges .
( 1- 1+1-1+1 - - - - diverges)


