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What

Uuiformcontinuity does 8
←depend

on?

Reed: ft) is continuous at Xo if HE >0
, J?⃝ Only on

E>0
,
or

/ ✗ -Ñ⇒ Iflx) - flxo) / < E.
also oaxo ?

Eixample : flx) - 3×+1 ft)=¥ ,
✗ c-(Oita)

/ ft) - flxo)/ =/ 3×+1-(3%+1)) /ft) - fled /=/ 1*-1%1
= 31×-1%1 =\ iÉ|

Set to have that

=Y¥¥µ . .us/=,,ga.,.p,.ye./,...,.y ⇒ g.µ ,⇒Tv. inef .
Does not depend on xo

,

just depends on E> o !
⇒ lxtxok 5¥
- So ; 2

*_¥¥e1÷H-
(¥14.2÷ :÷÷

This.ve?FsiI))=roi:*f--min(÷ . E)



then 1×-2101<8 → lflx) - fled / < E.

-

Definition . The function f :D CIR - IR is

⇒É=D if HE >off > o

st
. if ×,yeD with Ix-ykf, then lflx)- fly) / < E.

Importantdiflerenasi

Continuity Uniform continuity

f|S=%"£Éon Ewhere? At each point Only on subsets D
,

not individual points !

xoc-DExanples-if.IN-3×+1 is uniformly continuous on IR

fled __ 1×-2 is uniformly continuous on

domains of the form [a, + xD; a > o .

fix is uniformly cont. here .

#mÉmmmmus . - - to
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If Koza ,
then we see :

mint"÷ . :S > min {÷ . :S .

TIEthis!
Then f depends only on E.
(and a)

If xig-G.to) satisfy
Ix-y / < f- min { Ñ÷ , E) , then / fled - fly) / < E.

theorem.

If flx) is continuous on a closed interval [a. b]
,

then fix) is u¥eg¥g on [a.b] .

PI: Suppose , by contradiction
,
that fad is not umf .

Cont , On [9/6] . Not@ E > o 3-8>0 aye Gib] , Kyles ⇒ lfcd-fg.lk)
=/FE > o V8 >074g c- [a.b) lx-ykfan-d-lfix-fglb.cc)

then
,
Ze >os.t.US> o ,

3- x.ge G.b)
with Ix-ykf

and I fled - fly) / IE . Taking f- In for every
MEN
,

we get sequences xn.yuc-G.bz with lxn- yule In

and Iflxu) - flyu) /z E . By the Bolzano -
WeierstrassThin ,

since (Xn) is bounded, it
has a convergent subsequence

Xun, , Sey Xun, → Xo
.

Then
,
since thnx- Yuk /< ¥



we also have gun, → Xo . By continuity of fad ,

✗mix
→ Xo ⇒ faux)→ flxo)

Yun. → Xo ⇒ flyux) → flxo)

so dim / flax ) - flynn.) / =D .

But lflxnnd-flynn.dk
,h×→ to

which gives
the desired contradiction

. ☐

Eixample: fix)= 1×2 is umf . cont
. on [1/100] .

glx)= ✗
•"

since -17 ) - ✗6+1 is umf . cont . on Gib] .

theorem . If flx) is uniformly cont
.

on D

and (su)new is a Cauchy sequence
in D ,

then (f. (4)new is a Cauchy sequence
.

"
Unit . cont

. functions take Cauchy seq .

to Cauchy seq .
"

PI. If (Sn)new is Cauchy , then tf >0 IN c- IN s.t.

him > N ⇒ Isn-smlcf .

Since ft) is vnif .

Cont
,
V-E> 0, 3- 870 s.t. Ix-gkf ⇒ 1ft - fly) / < E.

Applying this 8 to the Candy seq . def . above
,
we

find N c- IN s -
t
.

Mim> N imply Isn -smkf ,



So Iflsn) - flsm) / < E. In other words
,
the

sequence G)new is Cauchy . ☐

Problem is

F. near ✗=° -

or (0,1)
Eixample : flxt-1-p.eu#-E ✓

Claim : fix is not umf. cont
.
on (01+0)

.

Take sn=1n .

This is a Cauchy sequence because

it is convergent (sn→o) . However, flsu)=¥=n2
and the sequence

m2 is not Cauchy . ☐

Extending functions from (e.b) to cab] .

f :(0,1-1 - R g:(
0.1=1- R

f. 1×7 -- ✗ sin /1) gtx-s.im#
af a

1-
-
- - - - -

-
-
-

-

ii.
> ✗ *→•i•÷

- 1- - - - - - - - -

we can extend got x=%+§ :[0.*] → R. fTH=fH | but not at ✗ =oV-x-clo.it)

£1020
,
fT¥)=o .

Keeping it continues .



theorem: A continuous function f:(a.b)→ IR can be

extended to a continuous function J:[a.b) →R

if and only if f is uniformly continuous on lab) .

Proof: If I can be extended to a cont . §:[a ,b]→R
,

then f is unif . court . because §:[a.b) → R is

a continuous function on a
closed interval

.

Conversely , suppose f :(a. b) → R is unif. cont .

Claimed. If Isn) new is a sequence on G. b) that

converges to a
,

then ⇒ new converges .

Indeed , if sn→a
,

then Sir is Cauchy .

As f is naif . cont, it follows that fcsu) is

Cauchy , so flsn) is convergent .

Claimed If ⇒new
and ltnn.cn are sequences in

( ab) converging
to a

,
then dew flsn) = limfltn) .

n -roo
h→@

By Claim 1 , flsn) → yo end fltu)→y1 .

Construct a new sequence fun)new by
intertwining sn and tn :

(Mn)nµµ=(51,1-1,52 , 1-2,53, -13 , - - -

,
sn.tn

,
- -

. )



Clearly , un → a. By claim 1
, flan) is Cauchy

and hence converges . Now
,
since flan) is the

sequence ffluuynen-fflsd.fltD.flsz.fm ,
- -

-
- ) ,

and flsn)→y . . fltu)- ya , it follows that

Yo - ya ,
as desired .

To extend f to X=a ,
we define :

Fla) -_ him flsu)
n→N

where (a)man is any sequence
s.t.su→ a.

By
claim 1

,

the limit exists
.

By claim 2
,

the limit does not dependon

dhe choice of the sequence (a) no,µ .

Proceed analogously to extend f to x=b .

☐


