
MAT3201640 Lecture 13 10/20/2021

Regale : f :D CIR - IR is continuous at Xo if for every

sequence xn- xo
,

the sequence fcxn) satisfies

him flxn)= flat .
n→o

Very important in optimization ,
to guarantee the existence of Min Imax .

theorem . Let f:[a.b) → IR be a continuous function .

Then flxl is bounded
,
and flx) assumes its min

and Mex in [aib] , i. e. . there exist points

✗min
, Knox C- [a. b] such that

and flxmax)= Max f. G) .

flxm.in) = min fcx)
✗E[qb] ✗ c-[qb]
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www.flxl/-----.&xEfeiDProof-:
Suppose that f:[a.b) - R is unbounded

,
that

is
,
the IN Fxne [orb] st . / fan)/zu .



By the Bolzano- Weierstrass theorem, the
sequence

Xu must admit a convergent subsequence Xun,
because it is bounded

; say Xnn, - Xo C-Cab] .

Since fix) is continuous , faux) → f(xo)
.

However / flare) / INK .
so / funk) /→ +&

,

contradicting lftxnn) / → / fan / < + o .

Thus
, fix) is bounded on [a.b) .

Let M= sup / ft) : ✗ c- Cab] ) .

Since fix) is

bounded
,
this sup

exists and is a finite
real number

.
For every

new
,

there exists

yuc-G.to] such that
flyn)

* M - In < flyu) EM .

M - In

clearly , dim flyn)=M .

n→n

By Bolzano - Weierstrass , Yu has a convergent subsequence

Yuh, , Sey Yun, → Xmax .

Since fcx) vs continuous

gun, → ✗max → flyux) → ffxmex) and therefore

flxmox)=M .

In other words , sup flx)
is attained

✗tab]

At X=Xme× . Similarly , applying the same reasoning



to - ft) we find ✗min _c[ab] s
-

t
.

- flamin)= sup
- fkn and thus famine)=inf fix,

✗ c-Gib]
✗c-Cab]

i. e. , imf fix) is attained at ✗= ✗min . ☐
✗Efiab)

Intermediatevalvetheorem .

If f:[a.b) → IR is a

continuous function . and
"" F :&.

Yo is between flat and god , §
- - - - - - - -

- - - - - •

then there exists #Gib] fµ
- - - -

-

:•
,

such that flxo)=go . I 11

I
1 !

a§mÉwd☒]b i
II. Without loss of generality ,

xo

let us assume that flats go Cflb) .
Let

S= { ✗ c- [ab ] : ft) < go } .

Since aes
,
we have 5=101, let ✗

•
= sips .

Thus knew ,
3- Snes st. Xo - In < Sn Exo .

Clearly Sn- Xo and fcsu) <go for de MEIN
;

so ftp.limflsn) Eyo . Let tn-minlb.io -11J
,n→N



then Xo±tn Exo -11 so tn→x
.

and

tn -45 ,
knew so fctn) > yo , knew .

Thus

fltn) → flxo) and flat din fan) > go .

n→N

Therefore yo C- flxo) e- yo so flat - yo . ☐

Corollary .
The image /ft) : ✗ c- (ab ) )

of a closed interval [a.b) by a

continuous function f:[ab] -R is also a

closed interval , or a single point .
f

From the

first theorem
proven today !É¥Ia b

( More precisely . { fix :X.de,b)J=[fcxniin ) , famed]

Applications of Intermedietevabetheorem

1. Existence of fixedp.int#: If f. [0,13
→ [0.1] is

a continuous function mapping
[0/1] to itself , then

there exists XoE[OI] a fixedpoint, i. e, flxo)=xo .



^ PI: Let glx) - fix) - ×; note gcx) is
1-- -

f-
- -

T• continuous
, g(o)=f(0770

! glad)=fl1) -1<-0.

I Apply I.v.T. toga) and yo -0 , we
*

|
,

> ✗ see that IX.elitist . 81×01--4=0 .

0 Xo

Thus
, flxo) - Xo .

☐

2. Existence of nth root Ta of any a>o

T.derftx-x-q.FM function

and flxo)=O precisely
at %=Ta

.

To prove that

such Xo exists
,
we use I. V. T.

with :

167--0
"

- a - - a < 0

f(b) =b
"

- a > o

b > o such that acb? Therefore
for every
I. V.T . implies 3- Xo c- (ab) such that

ftxo)=O ,

as desired .



Exercise: TRUE or FALSE ? Justify .

1. A continuous function attains a maximum 1µs.
in any

interval . ←
not closed ! →§

FALSE : consider f :(0,1) → IR
, given by flx) - ¥ .

-

fix) is continuous at every ix. c-Cab , but

line fcx) = + *
;

there's no maximum.

✗→ 0

(To make it TRUE,
we must request that the

interval
be closed

.)
-

2 . The image of any function f :[e.b) → IR
is an interval

.

a

FALS i Take for example ft)
1- •#•

flx) __ {
0 if ✗ c-[a ,a¥)

i
1 if ✗ c- [a¥ ,

b]
☐

µ:p
a

] >

Image of f 'D is 30,1 } , so atg b

not an interval .

(To make it TRUE , we must request fan to be
wn⇐as_n_.)

3. Every polynomial of odd degree has at least one

real root . What happens if
the degree is even?

TRU_E- : Application of Intermediate Value theorem .

( odd degree) Proof: Let ptx-anxn-an.si/h-1+---ta1Xtao
.

(Up to replacing p with - p, without
loss of generality , assume an> a)



Since N = degree pad 0s odd
,
we have that

for ✗ sufficiently large negative, pan so

✗ sufficiently large positive , pad >o ,

ie . f.m pan = - * and line fold -- too .

✗→ too

/
✗→ →

Thus FM > o such that

More
details on pfm) < 0 and plm) > 0
how to justify
this when we plan)

^

study limits of
- - - -

÷µfunctions . -µ Jo?
•

M
,

y
- - -tptm)

By the Intermediate Value theorem ,

3- * c- EMM]

such that photo .

a. What about polynomials of even degree?

A. They may
not have

any
real roots :

A

pH-541 . U.pk)
(what fails

is that
>
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- •
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