
MAT320/640 Lecture 12 10/18/2021

continuousfunc.to#Def-:A function f :D CIR → IR is continuous at ✗• c- D

if for every sequence (xn)neµ on D such that

✗n → Xo
,
We have flxu)→ f- (xo) .

If flx) is

continuous at
every ix. c-D ,

then we say fled is

continuous (on D) .
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Both definitions of continuity (w/ sequences ,
above

,
and

w/ E - S are equivalent) .

theorem: A function f.Ddr → IR is continuous atxoed

such that if ✗ c- D
if and only if HE > 0

,

3-870

satisfies / ✗- xoks , then / flx) - flxo) / CE .

PI: HE > 0 -38>0
- -
.) ⇒ (f is cont)

Given E>0 ,
there exists 8>0 such that if ✗ c-D

Ix - xD 28 ,

then lflx) - flat / CE . If xn ED is a

sequence
such that Xu- xo

,
then there exists



NEIN such that n> N ⇒ lxn - ×. / < 8 . This

implies / flxn) - flxo) / < E, i. e. flxn) → flxo) .

Conversely , We now need to prove
that

(V-E > 0 -38>0
- -
.) ⇐ (f is cont)

suppose , by contradiction
,

that f is cont
.
at xo

,

but

(V-E > 0 -38>0
- -
.) fails; i. e. FE >0 s.t.tk> 0 , if

✗ c-D
,
IX - xoks but Ifcx) - flail > E. Take £-1m

for each MEIN
,
and let XNED be the corresponding

✗ ED with lxn- Xo / < In and / flint - flash > e >o .

In other words
,

✗n→xo but fan)XflxD,

giving
the desired contradiction to f being continuous

.

☐

E✗ample_: Prove that f. 1×7=2×2+1 is continuous

( i) with definition ( using sequences) .

Iii) with E - S
.

lil Given in→ Xo
,

note that fkn) = 2×5+1 , so

dim 2×5+1 = 2. (him ⇒2+1=2×9+1 _- flxo);
n- • JET n÷r

i. e. fix is

Properties of limits of continuous
.

sequences from past lectures



Cii) Given E> 0
,
we need to find to ouch thet

/✗ - Xo / < 8 ⇒ lflx) - flxo) / < E.

ft) - 2×2+1

flx.)= 2*2+1
} → If - f(⇒1=12×2+1 - (2*2+1) /

=/ 2×2-2×04

Need to bound independently of ×:
= 21×2×54
= 21×-41.1×-1×01
Is ?_?1×-1%1<-1+21*1

-221×+4.11+21×01)<Eif lx-x.la 1 , then

( 1×1=1×-11. -1*1<-1×5%+1*1 < I!I¥paaena on Solve for Ix-xD :

so 1×-1×01<-1×1 -11×01<1+21×01 .

Ix -×d<2⇐Ñ
8¥

EGiven E>0
,
let 8=min{ 1, ¥2m, } and it

follows that if 1×+01<8
,
then lfcx) - flag / < E. ☐

E-xamples-of-functiousthatarenotcontinvous.is
not continuous at

fcx)= {
1 if ✗ c- ☒

any XOEIR , since there
0 if ✗ ¢ exist sequences ✗neck

, Yn¢Q
with ✗n→ Xo

, yn→ Xo
.

µµ€n→×o such that xuc-Q.tn c-at

✗
☐
← yu → Xo such that gud ,

threw



Note flxn)=1 and flyer )=O ,
so no matter if ✗☐ c-☒

or ✗☐ ¢01 , at least one of them is going to violate the

condition fkn)→ flxo) or flyu)- flxo) .

¥ sin / %) if ✗ to is continuous at
all Xo -1-0 , but it isfH={

, if ✗⇒
not continuous

at Xo =D
.

It suffices to show a

sequence Xn such that

✗n→✗o=0 but flxu) → flxo)=o .

Let us find

Xu such that fan)=×1n , namely we solve :

1☒sin( ¥ )=¥←→ §nz=2*n+ñz
Let xn=-÷¥ for all MEN.

him in = him -1--0 .

ma n- •

→
•

So
, altogether, we have xn → o

but fan)=¥
so dim fkn) - him = to

. ( f- flxo)=o) .h-roo n- ao

Xt sin if ✗ -40
Exercise: How about f(×)={ ☐

For what values of p is if ✗→

it continuous at Xo=o ?



theorem . If f :D CIR- IR is continuous at XOED,

then so are 1ft and c. f ,
CER

.

PI: If ✗n→xo , then lflxn) / → lflxo)) because :

b- Ifan)lElbg,¥yY=lfkh→ to

/ lflxn) / - lflx.ME/flxu)-flxoY,-Vn
Moreover

,
him c. flxu) - c. him flxu) = c. flxo) .

m-noo

h¥,- ☐

theorem. If f and
g are continuous at Xo ER

,
so are

ftg , f. g ,
and g- (provided glxo) -40) .

PI: Let Xu→ Xo
,
and note that :

tim (ft g) (xn) = him flxn) + glxn)
n- o h- o

=
him flxul + Ling glxu)
n- ou

= flxo) + glxo)
= + g) (xo) .

Similarly , the continuity of fog and § follows
from properties of limits of products and ratios .

☐



theorem . If flx) is continuous at xo
,

and glx) is continuous at flat ,

then (go f) (x)
is continuous at xo .

PI: Let ✗u→xo . By continuity of fix) at xo, we have

fun) → ftp.letyn-flxu) and note gu→ flxo) . So

by continuity of glx) at fool , we
have that glyn)→g(fix.)) .

4

glflxnl)Therefore
, ⑨ • f) (xn)→ ⑨ of)(xD ,

that is , Cgof ) is continuous at Xo
. ☐

theorem . If f and
g are continuous at Xo ER

,
so are

the functions Max /figs and min / f. g) .

PI:(Trick : write down an analytic formula for Max/min)
Max / a.b) =L @ + b) + Ila - bl

min / a ,bJ=1z(atb) - Ila - bl

Ila# + { (a -47 , if a> b

ta - b / = {
a - b. if a > b

b-a
, if a < b

£ @ + b) + I / • - bl = { { loft b) + { (b-f) , nf ads

= {
a if a> b

b if a< b
= maxta.bg .

So Max }f,gf=I( f.+g) + Ilf -gl is a



Composition ( sum, difference, product with constant
,

absolute value of , and composition of continuous

functions , hence is itself continuous by the

results proved above
. Similarly for min / f. gf .

☐


