
MAT 320/640 Lecture do 10/6/2021

Exercisesession ( Highlighted problems were solved)

1) Prove that liminflsnttn) > diminfsu + liminftn
n- w n- ao n→ oo

Give an example where the inequality is strict
.

2) Justify whether each of the following series converges

on diverges :

É S I [(←?⇒^ , ¥ -113+12+132+125135 - - -
n =L

h = 0

3) TRUE or FALSE ?

If TRUE, give a complete proof .

If FALSE
, give a

counter - example .

• If (su) new converges ,
then ( Isnt )n←N converges .

• If ( Isnt)neN converges,
then (a)now converges .

• If sn→ 0 and tn → + *
,

then sn.tn→ d-
.

• If Ean converges
and an>0 , then [at converges

n - l n _- I

• If ÉaE converges
and an>o , then [an converges

M= I m-7



1) Prove that limirflsnttn) > diminfsu + liminftn
n- w n- ao n→ oo

Give an example where the inequality is strict
.

Record: liminf an = lim imf / an : n>N }
n→ ao N→ oo

SI: liminffsnttn-liminffsni.tn : n>N }
n- o N - n=

liminfsn --
him inf{ su : n>N }

in→ or

÷÷liminftn-liminfftn.in> N }
n→

oo

an =inf{ su : n>N }

bn = infftn in> N }

cw=inf(snttn : n>N }← largest lower bound

for Sutton
,

n> N

AN Ssn Fn > N

{ bnstn tu>N
→ ssnttnfn>N

E Some lower bound for
tntsnih >N



Thus AN 1- bn ECN
. Taking the limit as N→a

him (an + bn) E him an = liminffsnttn)
N → N

, , ,

N → - n- •

him
an +lomb#imitofasTyof convergingN- N New sequences is equal

11 to the sun of
thurdoruitsf

liminfsu + liminftn .

☐
h→ N

n→
•

For example , consider sn=(→Y={
1 if n even

- 1 if u odd
Snttn -- o

= -su -1-15 {
1 if model

-1 nf never
1

g-
- -•- - • - - •-

-

• - →
- • - - -:¥÷i÷÷÷

1 J - - -

- I -- . • - - •- - • - - •- - • - -• -

si te S3 ty 55

liminf sn
=
him inf tn= -1

n → ao n→ or

him sup Sn = dim sup
tn = I

n- ao n→ so



fun infftntsn = him 0=0 > linivf tn-bmid.sn
m → to n-ao

÷÷
= -2

.

-

HW2Prob#1- .

dim - In - o
n-o

E = Ñ [-1,1+1] Liz 1+1--1
A-

IN--I

Éi÷→
-1g

- { -130 1/1+12 I -1¥
1+13

Me 1 n=2 h=3

[-4237-1-1,3] 7- F%§]z . -
- 3-[0/1]
A-

E- = [0,1] .is bounded , Inf E = mine =0 ,

sup E = Max E
=L

.



TRUE or FALSE ?

If TRUE, give a complete proof .

If FALSE
, give a

counter - example .

TRUE If (su) new converges ,
then ( Isnt )n←N converges .

FALSE If ( Isnt)neN converges,
then (a)now converges .

FALSE IL Sn→ 0 and tn → + a
,

then sn.tn→ d-
.

hypothesis conclusion

Expectation: →knI→?⃝
HE > o FNEIN V-E > 0 3- N' c- IN

n > N ⇒ Isn - LICE n >N' ⇒ / Isnt -141<2
Need to relate Isn-4 and Ilsul-141 .

- -

what inequality relates la -bl and flat-141 ?

Claim:/lal-lblle-la-bl.PL
: triangle

imeqlal-la-x-b-tglf-le.ES/+lbgl--Ia1-lbK-la-b11bl--Ib=-a+;/Ela-4+14 -→ - (14-14)<-6-4



As 171 __ Max / z , - z } , it follows that

flat-141 ⇐ ta- bl . ☐

Given E>0
,
let Neal be such that h>N

implies Isn -4 < e. Then, by the claim

above
,
with a _- su

,

b =L
,

we here

/ Isnt -141 c- Isn - L / < E ;
i. e. , Isnt converges

to 14 . ☐
-k-

Counter-example to :

"

If ( Isnt)neN converges,
then (a)now converges .

"

Isn/→ 1
,

but (su)
man

does not converge .

Consider Sn - C- 15
.

Note that Isn / =/C-151=1,
so Isn / → 1 .

However Csn)n⇐µ does not converge;

since -1- domimfsn =/ limsup su = +1
.

m - so n→ so



FALSE) If sn→ 0 and tn → + a
,

then sn.tn→ 1
.

Counter - example :

Take Sn -- In and tn=n . Clearly , Su- o and

tn → to
;

however
, sn.tn-2-n.ru =L , so

sn.tn- 2-1-1
.

Follow-ups: Can we have sn-so.tn→ a. and

sn.tn → + n?

Yes : sn=Fn , tu - n?

Sn→ 0
,
tn → too

and sn.tn-1-n.in?-n → too
.


