
MA-1320/640 Lecture d- 8/25/2021

Today :

1
.

Introduction / course logistics & syllabus
2- Natural numbers and proofs by induction ( $1 of Ross)

.

Natvralnvmbers : ☒ =/ 1,2 ,
3,4 , - - - }

Axioms
Ny

.

1€
,µ←1

is an element of the set µ

N2 . If NEIN ,
then there exists a unique

successor of n
,
denoted m+1

,
Qt

Mt I C- IN
.

N3
.

The element 14N is not the successor

of any
element in AV

.

If n , MEN such that their successors

N4
.

Coincide , i. e ,
nt1=Mt1

,
then n=m .

N5
. If a subset SCIN is such that

i • IES

Important • If NES ,
then nt1ES

for proving
statements then f- IN .

by induction .



ProofsbgIndvch.IT based on Axiom N5
.

Suppose you
wish to prove

that a certain

property , say
Pn

,
holds for all new .

Define the set S={me IN : Pn holds} .

By Axiom
NJ
,

to prove
that 5- IN , it suffices

to show that :

• Bansi: Ps holds
,
i.e
,
IES

.

• Step: If Pn holds, then Pnts also holds ,

i. e.
,
if NES ,

then MTLES .

Exampte :

Proposition : For all NEIN
,

1- +Zt - - - + n = m(L .

Proof:(by Induction) Let Pn be the property
that

Pn ! 1+2 + - -
- + n = n(I .

Basis : Ps : 1=1%+1) ✓ true
.

Step: We need to show that if Pn is true
,



they also Prue is true
.

Since we are assuming that
Pn is true

,
we have

nlnt 1)
I -12T - - - t n =

2-

Add M-1 to both sides:

I -12T - -
- + ntfnt 1)¥1 hE + @+1)

=H¥(n + 2)
=(n+D(¥+1

the above statement is precisely Pn+± .

By induction
,
it follows that Pn is true for all nE☒l .

☐

Proposition : For all nc.IN , the number 514N-1

is divisible by 16 .

PI. (by Induction .

Let Pn be the property that

alb means b isT.I.g.IO1615-I-Y-gn.am
, is divisible by 16

"



Basis : Ps : 51-4.1-1=0 ✓

step: Pn ⇒Putri
"

implies
"

suppose 16 / 5"- An -1 . Now compute

5^+1
- 41m17 -1--5.51 4h - 4- 1

- 16m + 16h

=-5.5^-20=5+16n

-

- 5.EE#- +16¥
by Pn , weknow that this this is

number is divisible by 16 also divis .

by 16 .the above number is a sum of two

numbers divisible by 16 ,
thus it is divisible

by 16 as well . This verifies that Pinta holds
,

provided that Pm does . ☐



Proposition :(Ex 1.3) .

For all MEN
,

12+22+32-1 . . . + n2 = nlnt¥Rn
Proof. Let Pn be the property that

Pn : 12+22+32-1 . . . + n2 = nlnt¥Rn
Basis: P, ; 12=111+1212.1+11--2.62 ✓
Step: Want to show that Pu ⇒ Pints

.

12+22-1 - . .tn?-(nt15lEdulnt1gRnth-+(n+1f

=¥t÷÷÷÷:)
= (Mt2) tent3)

= µ+1)(nt÷2nt3)
The above is precisely Bits . ☐

XIE : Try on your
own
!

Prove that for all Mein , 13+23+37 - - .tn?-(nlnzt_1)Z
using induction

.



Note : there are similar formulas for
1×+2×1-3" t - - - + n

"

= . - -

in terms of Bernoulli numbers
.

These formulas are
difficult to obtain

,
but

, once you
have a candidate

,

proving it by induction is easy .

EI: Prove that for all ✗c- IR and all new

/ sin thx / En . / sin ✗ 1 . (this is done in Ross.)

Proposition:( Ex A.6) .

For all men , 7/(11^-47)
Proof:(by Induction)
Let Pn be the statement 7/(11^-4) .

Basis : Ps : 71111-41 ✓

step: Pn ⇒ Pnta
.

gym
-1

- 4^+1=11
.
11^-4.4

"

= (41-7)<11^-4.4
"

= 4. (11^-4)+7.11
"

is divisible by Tis also clearly
7- by Pn divisible by 7 .

The above sum of numbers dir . by 7 is also dir.bg ? ☐



Proposition : For add a.be?/- and NEIN
,

n n

b) (atb) - a

Note: the previous proposition was
the case a- 4

b- 7 .

These also follow from the ←
(1) - x.IE

.

n

Binomidtheorem :(a+b)^= { (Tx) of .b
""

K=O

q
This Thin can =µei+(1) a

"!b+(1) a"bI
also be proved

. .
- + (1) eib

"-I ab"'t b
"

by induction on n .

Note : (a+bY- ah ,#(7) a"b•+ . - - +(7) abI+bI¥

=b((7)a
"

:-( 1) an"b+ . . - +Hab
":b")

.cz#ez.


