
MAT 330 Lecture 26 5/6/2020

Towards the Central limit theorem . . .

Tg":::÷÷÷:e÷:;::d¥PIX >a) ⇐
ELX)
a

PI: Let I :(o , a) → last be the indicator function

of [a , to) , that is
,

if x >a 14 - - - -

;#IH- I do otherwise TIa
Note that EFICXD = fot-IHffxldx-fa.TK)dx

=P (X> a)

Since X > 0
. ICH E Ia .

Take expected values of
both sides to get :

PIX>a) = EIICHI s Eff )=E¥ .

÷



a.me?ie.::e::qMan:e:ii::r::onnm:.euiiPHX-Hak) e EI
Pt: IX-MIX ⇐ IX-at> K2

Using Markov 's imeq . with a - K2 and X replaced by
IX-at, we get

PHX-man! - Phx-risk)eEl"j=o÷ .

D

-

EI: Suppose that a fishing boat collects 50 fish each

week , on average .wE⇒a
) How large is the probability that the fishing boat

collects more
than 75 fish in a given

week?

X = # fish collected in -week Efx) = 50 .

MY
= 5¥, =3 .P ( X> 75) ⇐ EI

75
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b) If the variance in the number of fish

collected each week is 25
, find a

lower

bound for the probability that the number

of fish collected in a week is between 40 and 60 .

#62=25 40 M -
- 50 60

P(40 EXE 60) =P ( IX- 501€10) - 1- Pdx-54> x)
commemorator

mmmm

By Chebyshev : PHX-501310) Eff - I,
Thus P(4oEXE6o) > 1- I, -

- Z
,

.

theorem (weak Law of large Numbers) . Let X±Xz , Xs, - . .

be

:÷:÷::÷iii÷÷mi::t:aq:¥i÷÷X1tXzt - - - t Xu
lim P (← TY > e) - ou → a -

In

Pdi. (Assume 02 is finite) .

Let XI = XatXztu---tXu .

Then E (XI ) - E = EKDtj-t.tl#=Hf=y
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Vallin ) -- Ver ( *)=ValHtVar#sundae I
q n

indeep.

By Chebyshev applied to XT
,
we have

OE limp ( txt -al > e) ⇐ kiss Eez - O .

Us N

Thus align P ( HT -al >e) =o .

El

(this means that XI P→µ as n - a)

stoonglawoflargenumbers.lt Xs , Xz , . . .

be iid random

variables
,
with finite mean µ = E (Xi) .

Thenpgq.gg#qg,y,wye.eyn=q+xz+n...,&
(This means that In y

as n - a.)
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Central limit Theorem (Baby Version) .

#
Let Xs

,
Xz
, . . .

be

÷:÷÷÷÷÷÷i÷÷i÷÷÷÷÷÷÷:
where XI = Xstjitxn and Z n Normal (Q1) .

Lemmy: Let Zz , Zz, . . . be a sequence of random
variables

with distribution function Fzu and momentgenerating function Men .
Let Z be a random variable with distribution function

Fz end moment generating function Mz . If Mznltl-Mzft)

for all t , then Fznft)→ Felt) for all t at

which felt) is continuous
.

EI: If Z - Normal ( o , t) , then Mzftl = et?
If Zn is a sequence

such that Mznft)→ et}
then Fznltl → Felt) -- ¥

,
ft
,

e- Ekdz
.
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pfofceutrallinuittheorem.ie Assume µ = O
and 0=1

.

Suppose Mlt) is the moment generating function of
each Xi

.

Note that M 6) =L , M
'

Co )=E(Xi) ya -O
and M

"

( o) = E(Xi) =L .

Moreover
,
the moment

generating function of fin is Efet¥n) -- Mfa) .

By independence, the moment generating function of

x.t-jntxn_isMftntmHrnt.mIEnt@hEDn.note
.

"

x* .

By the Lemma , it suffices to show that (MHz ))"→et%
for all t , as n

- o .

Let Ut) = log Mlt) , note that Hot log Moto.

L' lol = MYO)
Mt

= I =p = o

L
" 6) = Mo-MYoH 1. Elk) -y

'

M (of
=

d-
= Efx)=L .
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Since Lfo) =L ' 61=0 , using
L'Hospital Rule , we compute :

lim h¥E"÷Hi¥
ti"

h→ N n
- I 1 .

risk

- Ex. = fine.

- E: ÷÷¥n→
thus fmftaD-yfektlrnly.enuttrnt.ee;
III. long:"} HER

, as we wanted to show!

To prove the result for general Xi, without assuming
µ -
- O and 0=1

, apply the above argument to

I. = XIII , noting that Efxi ) -- o
and Ver (Thi ) = I .
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