
MAT330 Lecture 25 5/4/2020

Moyet generating functions:

Def: The moment generating function of a random

variable X is the function M : I → IR given by

Mlt) -- Efetx )
Note: If X is a discrete random variable, then

MHI = § etx.pk)

If X is a cont . random variable
,
then

Mlt) = fthetxflxdx
-

a

Eixample: Xn Binomial fu , p)⇒ plx) -- (1) p'
'

(I - p)
"-×

n u

Mft) = Efetx) = E et ''pix) = [ etx pxfe.pt
-×

X= O X = o

N
n

= [ (etp)×fs - p)
"- ×

- (pet -11 - p)
X to
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Momeutsofaroudomvoriel.ISmoment of X : E (X) = MYO)
2nd --- : Elk) = M " (o)
3rd -- : E ( X') = M

" ' (o )
Wh--i ECX")=M" Co)

Moment generating function : Mlt)=E(etx)
M ( o) = Ele" ) -- ECI) =L .

Nlt ) -- off Efetx) =Ef¥et×)=E(XetX)
Evaluate the above at t -o:

M
' lo)=E(X)

.

← Ist moment of X

M
" Itt -- off MYH -- off EfXetY=Efd¥Xet×)
= Efx? etx )
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Evaluate the above et t =o ;

M
" ( o) = Efx) . c- 2nd moment of X

By induction on u :

M
" ft) -- Efx? etx)

Evaluating at t -- o :
M
" (o) = E ( X" ) ← nth moment of X .

-Upshot: nth moment of X is Efx") - M"(o) .|#iE
Back to the Binomial example :lvorlxh-up.CI#X~Binomialfn.p) ⇒ Mft) = ( pet + I - p )

"

MTH -- n (petted - H
"? (pet)

←
mgszhguejorbs.de

M
' Col -- n (ft I -4J? p = n - p = Efx) .

M
"
ft) -- uh - e) (pettis - p)

"-'

(pet)?
+ n (pet -11 - p)

" - 1.(pet)
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M " lol = mln - 1) p2 + up = np (d-Dp + 1) = E
ValX) - Efxz) - ENT - Hu -Dp' +up - rip

up
'
+ up -n2pf=np - up'--npGI

Matches
what we knew

from before !

Exe. Exponential Random Variable
ye
- xx
if × >o

X n Exponential (A) f = to otherwise

MH=E(et× ) = got It x x e-" dx
= X ft

-

e
- H - th

dx = A. bliss Jobe-4 -Hxdx
- H-th b

-
- ah's. ¥71

O

- X -Hb X
= 1¥
. Ita -* =

It '

T if ta X

O if I - t > o
-
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Mlt) =I if tax .

A - t

Record: Ek) - fi . Varlx) - ¥
M'H=¥⇐⇒= p÷p ⇒ Mto) - I -Efx)

M"H=¥¥t=p¥ ⇒ M
" lol - Zz

vorlxt-EHY-EHT-fp-fh.II.fr
theorem Suppose that My ft) - Efetx ) is well- def .
in a neighborhood oft =D .

Then the distr . of X is uniquely
determined by the function Mxft ) .

←

(Really by
its

EI: Mx ( t) = If if tag ,

Taylor series et

⇒ X n Exponential (L) .

Because X has the same
moment generating function
as an exponential random{
variable with 4--1

.
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Moment generating function of normal random vocables :
- -
--

Recall :ftje-s42dserE.fseeee.wvid@wloinkedJXnNormalfu.o) ⇒ f×H=f⇒e
- EFFY

say 2- n Normal (o , b) , then fzH= tf e
- E

Mzltl - Efe" ) - f! ! e↳h⇐e- E de

= # f!! e
- E -Itza,

= It: e
-⇐+ Ed

.

= * =E÷s÷⇐¥*
-

=
et%

,

lass It
- rat
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-:iE÷¥e±Ie
Mitt) = et% . Et et't's #+a) EH

EH) - M¥6) -or

Ete) -- M¥6)=g✓
Work) - ECE) - EAT
=L - O e- IV

Q: How about X - Normally , d) ?
X =p
to -2

Mxltl-Efetxfefett.tk/=Efetr.etot)=etnEfetoZ)=etu
to,

Mzfto)

= et?eHd%= etat
Checky. Milo )=µ , MIO) =p't o' ,



Moment generating function of a sum

-

:

If X. Y are independent random variables
,
then

Mxtyftl - Efe't"" ) = Efetx .
etY)

independence? efetx) . Efett ) = -Mxftl . My(t) .

EI , Xan Normal (Ma , ,
Xz~Normal Gaz, E) indep.

Q: How is Xstxz distributed ? convolution

AI: Using what we did before, f x.+* = fx,
#fxa

AI: Using Moment generating functions :

Mx
,
+x. Itt -- Mx ,ft) -Mxzft)

= em't +0¥
. e.

Matt EITI

= ekhtmlt-Ela.to)

= Ms(t) ,

where Sn Normal fusty, a'ta)
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therefore , X, + Xz is distributed in the same

way as S ( by the theorem above) .

Xst Xz ~ Normal ( fate. . rita)
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