
MAT330 Lecture 24 4/29/2020

Expected value of functions of random variables-

Req. if X is a continuous random variable

Efglxl) = It!glxlfxlxldx
Def: If KY are out

.
nard . var , then

Elglx, y)) - f!! f! glxnlfx.ylx.nl dxdy
of . if X. Y are discrete raid . var.

,
then

( EfgHill) -- § § glxiiplxy ))
Prod: El . ) is linear (Note. we proved this already for

discrete random variables)

Pt : X , Y court . random variables
,
a , be IR

want to show: Ela Xt b 4) = a Efx) + b Ely) .
I



E- fax tbY)j It!ftp.laxtbglfx.ylxmldxdyglxih-axtby
= f!! It:@ xfx.ylx.nl + by fyi, kid] dxdy

= a ! xfx,ylxiildxdy t b ft!yfx.ylx.hdxdgtiiii.IE?:::::::.tiaI.xsxixidxtbreminds

¥X)V =E¥
= a Efx) t b Ely) . I

Recall: Cov (KY) - E ( X-EHDIY - ELY)))
= El XY) - Efx) Ely ) .

Core: If X. Y are independent , then

EIXY) = Efx) . Ely) .
Also , if g. h are continuous functions, then

EfglxlhlyD= Efg Eth D
.

a



EI: Random walk in the plane, u steps :
•
(cos O, t cos Oz, Sindi tano)
F⑨• Take steps of length 1 in a

sing,

random and independent direction ,

•
Oi - Unit (COLT) )

Hilo) -40,0) at each step IE OE n -

Ii find the expected value of the square of the

distance to the origin after n steps .

positionafternsteps-i.fi?sasOiiEsiuOi)
E ( (E. also + ( E. sina.ly Elements
= E moi)) e Eff . sindi))
= E (E.and Oitifasoiaaoj)
+ E ( ¥⇒sinOi t ¥, son OisinOj)
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II
" "

€
,

E (anti) + ¥gE(asOi cos Oj)
+ ¥

,

Ef sin'Oi) t ¥, Efsinoi song)

=

,
⇐color) t EfsinceD) t¥.

Efosoiasojlt Efendising)

= ¥
,

E ( aeroit sinOi ) t ¥.

Elwsoi) Ef aedile EkinOi) EfawOj)
-

I✓feet:%::&. EE!:!;¥¥.
.
jinder

= n t O

=n#E(cosOi) = Iff?cosOi do i = OE (sinOi) = Iff!" since i doi -- O

Ai. Efsqnoreoridgist . to) = # steps = n .
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Conditional expectation
-

:

Disorders :

Probability mass function of X given that Y --y ;

Pay lay)=P(X=xH=y)=H¥ = PxHPyle )
continuousness :
Probability density function of X given that Y=y ;

fxlylxmt-fx.ylx.gl
⇒ if fyly) > o

Conditional expectation .
#

-

Discrete . :

EIXIY - y ) = §xP(Xix l 't- y) - [ xpxiylx.at- x

Pxlylxiy )
cont . v.v . .

-

EHLY - g) = ftp.xfxlyfx.yldx
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couditionolexpectationasarondomtdvi.be#.glyl=EfXlY--
y) is a function of y

This defines a random variable g (Y); denoted

E (x ly) .

a- is itself a random
variable

,
that takes value

E.(XH=y ) when Y takes
value y

Q: EFECHYD = ?
Ai couditioualExpectatoonformihdsforb.lt/EfEfXlYD-Efx) .

Tosi:b.: )
PL: |umimgxTdiswete#

E- (Efxlyl) = {Ef HY -- g) pym
= § § xpxlylxiy) pyly )
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= § § x Pkyl ' PH

= { x px.ylx.gl/--&xpxlx)
-

pxlx) = Efx)
.

(compare with : ) a

pfet-PFEIHPffltt.IE/F4PfF9

Exercise: A miner is trapped in a mine with 3 doors .

EXIT 13h)

nor .⇒**÷÷÷÷÷÷:÷.÷- reach exit ?

8¥" X = # hours until exit

£ y = door chosen .

Eat : Efx) -- Efx 14--4144=1)
+ ECXIY -- 2) PH --2)
+ E ( X 14=3) P(Y=3)



= If 1) tELxgtED
EIXH -1) =3

Eff III. Effy }# It t7t)
= 1345+2 Efx)

thus : EH)= 5 t ZE

IE (x ) -- 5 ⇒E(X)=
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