
MAT 330 Lecture 23 4/27/2020

Recoil: X. Y jointly distributed
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Averyclassicalproblem: If you break a stick at 2 points
at random (chosen uniformly) . what is the probability
that the 3 resulting sticks form a triangle ?

WLOG : Assume length is 1
.

Let X,YnVwnf( laid)

of q
X, y - x, I - y are the 3 sides

x Y of a triangle if and only
if they satisfy the triangle

Reede . Triangle ineq .

inequality
x s y - X t I - y

a

aim / : I. ⇐ If:3..b 's at C / Y 742
cc at b

If the order is reversed :
y s Y- y + I -y

I - X /: ; : : ⇒

o y x 1 / /
y s Ya

⇐ ( x- ye Ha
x > 1/2

3 resulting stocks form a triangle if and only if
µc{ and y - X chg and y > t) or Cyc { and x- ya Izard x>E)
# a-
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Independent Random Variables :

-

Read: Ded: X. Y are independent if HAB ,

P ( X EA , YE B) = PCXEA) PCYEB) .

Prof: Cont . raid . var . X. Y are independent if and

only if their joint probability density function
factors as

fµ, fan) =h(x ) gly ) , V-x.ge/R .

Pdi. If X. Y are indeep. .

Pcxea, ye b) =P (X ⇐ a) Nys b)
22% PIX ⇐ a.YE b) = fast PCXE a) MY Eb)
TE.be?EHaM#D 3



f- x. y (a. b) = Za MX Ea) . Is PCYEB)
= fx (a) . fy( b) ,

V-a.b.HR

Conversely , suppose
f- x.y kid = h (x) GG ) thx

, y EIR

Then
pfxe A , yeB) = fffx,y kn) DA

AXB

=fafBhIYg4) dy dx
u

= fahlx) giddy ) DX
e-

= fahlxldx . fB 841dg

( ④ PCXEA) . My EB) .

a

⑧ Her¥wie are using that if fyylx.nl -- hlxlgkd , then.int#dinghlxl-fxlxlardg4I--fyly) .this can be proven es follows ;
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If fx , y
fan) = hlxlgly) ,

we have

I = I:[I fxylxiildxdy - ftahlxldx . £5847 dy
T-I = Cz . Cz Cz

f. × G) = f!! fx,y (xn) dy = f!!hlxlgln) dy
= hlx) . ftp.ghldy-ca.hcx)
-

Cz

fykt-ftffx.ylx.yldx-f.INHgh) DX =
= gulf!! hlxldx = g. gig )
-

fo CI

f x H . fy H ) = ghlxl.gg/y)=hlxl.gCx) .
Therefore

, up
to scaling , h and g are the marginal b. d. f. 's

of X and Y as claimed .

p
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Exi Suppose the '

goat p - d. f . of X and Y is fx.ylx.it .

Are X and Y independent ?

a) fx.ylx.nl - 652×53? oxen , o cyan
=E÷Yej Yt X. Yore indep .

b) fx,y the )=24xy , 0 axed
,
o - y - I

, ocxty - I

24x

=hTyTgy, NEX, Yare nodindep .

Note:P (Xe A. YE B) fPfXEA)P(YEB) for some AB
"

PFXEA) ffxtxldx-faffofx.yk.BG/dxAt " - ×

pfyc.rs/=SBfylsldy=fpfffsx.ykiddx3dgfor X
A

PCXEAYEB) - ¥, fx,yHHdAIn other words :

fx.ylxiul-24xg.LK, y) Kay

Ifx, y) =/ } if 0*4 , Kye I , ocxtyas
otherwise
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Sums of independent random variables .

#
.

X
, Y indeep . random variables ( fyi, Hak fxlxlfylyl)
Find the prob. . density fund . fwy of the sum Xty

.

Fxty (a) =P (Xt Ys a) = f) fxlxlfylyl DA =

-

y xtyeafx.ylx.nl#x=a-ytoo a-y

×

=L
."dxdg

-

- f! fytgff fxkldx) dy
-

Fifa- y)

= It!Fda- g) fylyldy
To get the p -

d. f. , differentiate:

fxtylal-odafxtylal-ddaf.to Fda - ylfylnldy
= I ftaffxla-g) fylytdy-fffxla-ylf.ly)dg

Upshot : fxtyfatffxxfy) (a)
" convolution offx
and fy " 7



Exampte: Suppose X.Yr Uuiffcoi]) are independent
compote fxty explicitly .

Note: Xt Y takes values in [Q2] .
d

Ix lat - fylal - I } iffier?
.

'

fxtylal-ffxxfyyal-fjfxla-ylfylyldg-fotxla-ylfy.LIdy - fotfxla- g) dy

, Gaddy
= a

, if osast

Ja!,1dy=I - la - 1) =L- a , if Kasa
A if Osa ⇐ y

dfxtyla)

txtykt-fg-a.iwe.wi.ae a '¥i④%÷



¥111 Careful : Sums of uniform random variables

are not uniform !

(coughing of constant functions is not)
But: • Sums of MY random variables are normal :

X, n Normal fat , g ) , Xv Normalfue, E)
⇒ Xztxzn Normal fusty ,Kita)

• Sums of Poisson random variables are Poisson :

Xs n Poisson (ta) , Xz - Poisson (Az)
⇒ XatXv Poisson (Ast Az)
• Sums of exponentialrandom variables are Not

exponential . ( they are actually
"
Gamma " distr)


