
MAT320 Lecture 8 9/23/2020

Sequence

Det : A sequence fpn ) in a metric space (Xd) is a function

p :NIX
, pre - pln) .

The sequence { put is said to

converge to p, EX if He > o 3-NEIN sat
.

if n > N
,

then d (pupa) CE .

Notation

-

-
-

pi
-
-

-
-tpD.

-

: Pn→ pain#d) all pn with u> N

or ruling pin =p, . are E- close to Po .

Remarks. Convergence depend on the ambient space Hd) :
e. g. , if Pn

-

- the , NEIN then Pn → O in HR , d) but



pn does not converge in ((Oita) , d)
Pa [ is a metric space

+,
itself

0

Def: Sequences that do not converge are said to diverge.

EI : Some sequences in (Red)
as an - ha . an→ o

. ¥Ii
bn - n' bn is divergent . ¥47.

Cn -- It

CHIT↳
=

In if u iseven

Cn → I
.

I
- ha if u is odd

"Pilate so IN c- IN if u> N then # Thi-4) LEI =
n



Pfs. He>o by the Archimedean prop . 3-NEIN s - t . f- SE .

If u> N , then f- ⇐ NICE so :

Icu -4=1@ttnIl-4-ItnIt-tnetNsE.L,-

En

④ du -- I # PI: too
,
let N -I

.

Then
I

du → I . An > N ie
.

th EAN
,

ldn -11--11-11=0 < E . a

Def: A sequence fpny in the metric space (Xd) is # if
the set Ipa : MEINL is bounded .

In other words,

3- qex and MEIR set YUEN'd ' F) ⇐M÷÷j¥÷



Thnx: let Ipnf be a seq . in the metric space (Xd) .

Pn → pin if and only if YU Fpa open neighbor,
U contains infinitely Mary pn 's .

( til if pn- Po and pn - p 's , then Pa =p 's .

Ciii) if pn - ra , then 3pal is bounded

Liv ) if ECX and PEX is a limit point of E, then

there is a seq. I put in E sit . pa → p .

Pt: ti ) Pn → pas . Let Uspa be an open neighbor, then

3- Eso s -

t
. Be Cpd CV .

Then
. by def -otp,q.,%¥p3- NEIN s- t

. if u > N then

dlpnpo) CE ⇒ pnEBelp a) CV .

So U contains infinitely many pa 's (namely , all
those

for which n> N )



Conversely , appose Wspa open neighbd, U contain,

infinitely many pals .
Given Eso

,
let U=Be( pa) .

So 3- NEIN st . if n > N then dfpn , pays E,
which means that pre - po .

liil Suppose pa - p, and pre - pal . If pot pal, then

dfpa.PL) so .

Let E=hzd(papal) so .

Since

Pn- pas , F Nae IN sit . if n> Ne then d( pupa)cE .

Since Pa-spin , 3- Nz EIN s. t . ifns.Nzthendlpn.pk/cE.I-etN=max1Ne,NzS
.

Then if u> N ,
-

OLLE =D (pop 's) E dfpapdtdlpn.pk)cEtE=2E
The above contradiction implies Pa =p I .



Liii ) If pn- pa ,

take E - I
,
then 3- NEIN si

.

if u> N . dlpn.pro) < I

let r -
-
Max 11

,
d(paps) , dlpa.pe) , . . ., dlpo.pro) ) .

Then dfpn , pager , Anew
,
so hpul is bounded .

Civ) since PEX is a limit point of E, Http open

meighbd , tqeEypDnU . Applying this with U=BzCp ),
and setting pn :=f , we have a Sef. 7pm ) s .

t
.

dfpn , p) cut . Given E>o
, by Archimedean prop, 3-NEIN

sit . Ince .
Thus if man, then

dfpn , p) < In EIN CE
;

so pn
- F

µ



The . Suppose Ian ) and Ibn) are sequences of real Cor complex)
numbers

,
sit . an → a and bn- b

.

Then :

autbn → at b

Iii ) an - bn → a. b

( iii) C. an→ c. a aid ante → ate
,
th

Civ) tan → 1a if an ¥0
,
VNEIN and a -1-0

.

Pt: lil Since an→ a .
HE>o FN, c- N sit . n> NI ⇒ Ian-ale 42

Since bn-ob.VE > o 3- NZEIN sit . U> Nz ⇒ Ibn -4<42
Take N=maxlN1 , Nz} , if u> N

then

Kantbn) - Catto)) Elan-altlbn-blog
+ Ez - E .

Ki) Since an→ a ,
V-E>o FN, EW sit . M> NI ⇒ Ian-al

Since bn-ob.VE > o 3- NZEIN sit . U> Nz ⇒ Ibn-blare
Take N - Max hwa

. Nal .
an - bn - a. b = Can -a)Cbn - b) tafbn - b) tbfan -a)



if MXN . then

I@u-aXbn-bY-tan-al.l bn-HCE .§=E .

So fan - a) Ibn- b) → o
.

By lil and Kii)
,
we have a Ibn- b) → o

Han- a) → 0

So an - bn - a.b→ 0 to +0=0
,
i- e
,
an -
bn→ a -

b
.

Hii) Pf is an Exercise
.

① cannot use tiny to prove Ciii) !

( N) since an → a
,

HE > o 3- NEIN s. t.mxN ⇒ fan - akd.at
z

-

Taking E = flat , FNL s - t
. if u> Newe have Ian-aktzlaf .

Then laffan- la- any slantHa - anklanlttzlal



so , subtracting Ital from both sides
,
we have

flak lay if man. .

Thus
, if n> Max IN , Ne) , then :

fan - 'attaint - dominate Eiichi - e .

D
so Ian → ta .

Remarks : Sequences in IR fnisisnede:-)
A sequence Xn = ( Xiang - .

. . Xian) , NEIN , converges to
Ex

Xo - ( Xan, - - - , xx.DE/R
" if and only af

isjoodidin.tk)Xj ,u → Xj , a . Fj - I , - . , K .I

In particular, if hxnl
, lyny are seq .

in RY such that



Xu-x and gu → y , then Xutyn- xty
and xnoyn → "⇐ftp.fodusot)

Subsequence
Det .- Given a sequence 1pm ) in a metric space Kid) a

subsequence of lpnl is a sequence 3pm. } , where fry
is a sequence in IN .

EI: •

Fa ga f,
p4=Pnz .

•

Re-Pu,

" tops
•

Pg
'

•

Pt
PM

.

.

.

-
i

,

n

i -

.

.

-

¥

NI - 2 , Nz -_ 4 , Nz - 6 , . .
.

,
Nh, = 2K Poo



Fact : If pn → pas, then any subset . of pa also

converges to pas .

thm : (a) If 1mL is a seq .

in a compact metric

space X, then
there exists a subsequence Hmd

of Hnl with pm. - PEX .

(b) Every bounded sequence in H2" contains a

convergent subsequence .

Pt: (a) Let E - Lpn : NEIN ) CX . If IEKN ,
then

there exists PEE and a seq . Macnee
- - -Chai . -

of natural numbers sit
. pm=pnz= - - i --pn×= - - -=p.

(⇐ rn . it my: :{I
E - ITI , -4



and clearly pnn,- p . If IEI -- a, then by
Video 8 of lecture 5, it follows that E , being an

infinite subset of the compact metric space X,

has a limit point pex .

Choose Ms s - t
.

dlpns , p ) < I . Next, suppose we

.mn,
%
..ms

chosen. . . . ..mn. in
a.

.

.

way that dlpnj , 8) < Y "

out 9k¥-22¥for all jet, . . ., K - t . Choose the>Mus

St . dfpnn. . p) < In , because every neighbor. of PEX has

infinitely many
elements of E .

This defines a

subsequence Hnat of Hnl st . Pm. → p .



4) Since every K - cell is compact , - and

every bounded subset ECIR
" is ( by definition)

contained in a K - cell
,
a sequence typal in

E is
,

in particular, a sequence in
this K-all

,

and hence admits a convergent subsequence by Cal
.

G

Def: limits of subsequences of Mn ) are called subsequent
limits of hens

.

Note : If Lpn) converges , pm - pas ,
then pa is the

only subsequent -al limit of Ipn) .
There also exist (divergent) sequences Ipa} with

distinct subsequential limits .



EI : an f- IT does not converge, but

1 and - I are both subsequent'd limits .

Thin : Given a seq . Ipnl in a metric space Xd),

the set E*=3peX :p is a subset .

limit of Half
is closed
-

-

Pt: let QEX be a
limit point of E

't
.

We need

to show that g. c-
Et

. pilaf:L.- tonging spore .

Choose n, so that puff . Let f- dlpn , ,q) > O .

Suppose na, . . .

,
ni-1 were chosen w/ dfpnj ,f) cafes,

for all j =L , - . ., i -1 .

Since f is a limit point

of E
't

. 3- xeE* with d(x. f) < fi . Since xeE*



pnour

:c :÷÷i÷
" "

.

Th"
dfq , pni) s dfqxltdlx, Pni)

←
sodding)- o.

< ¥ t fyi = ÷,

.

( Ee, thief .
)

This gives a subset 3pm.gs .

t
. Pm.→ f;

hence

g. EE
't
. I


