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Discussion of HWI
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# I E -- tha : ME IN } = 41 , I , Is , - - - ith , - - - J
inf E - o

'

j¥¥42
(Archimedeanprop-ttx.ge/R ,

x > o ,
FUE IN MX >g.)

② O is a lower bound for E : the 1N In > o.

② O is the largest lower bound for E :

Suppose X -_ inf E . x so .

Then by Archimedean prop
(w/ yet) Ine IN Mx > 1

;
that is

,
X > In .

This contradicts that x is a lower bound for E .
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tx. Find A,BcR
-

B

es above with AFB ( AFB)
and inf A - inf B .

B

For example : B-10,1] §#
inf B - o .

I

A- = (0,1) 04A but OEB
.

inf A -- O
.
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⇒ ftg banded ble (ftg) He fix) tgcx)

- Me - Mz Eflkltgcx) E Met Mz
let M - Mst Mz ,

then
- M s flkltg EM

so ftg is bounded
. ⇐ If tgcxl EM)

can argue sup (ftg ) E Spfl tap g by showing



that sup ft mpg
is an upper bound for

f. tf , and since xp lftgl is the best upper band,

then soplftg) E spftsupg .

¥4 Example fCx)=x ,
gcx) =L - X .

on X - Coit) .

-

i

d

1-- - - -g. fix ) -xsup f - surf ← I

1- x( ft g) (x) - xtlt-x) - I , YXEX § He s

sup Atg) =L L sup ft spy = 1+1=2



simpleexera.se:

If XEIR is
" smaller than

any positive real number
"

;
i.e

.

XEIR is s - t . HE > 0
,

X s E

then : X EO .

Pt: Suppose , by contradiction
,
that x EIR is set . He >o,

xce but x >0 . Then let E - Xk; since this

E is positive and , if X > o and E - Mz
,
then Esx

,

this would contradict the above property (tea. xx) .
Therefore ,

we must have x EO
.

Notethot: it is also true that if x HR
,

s.hr
.

x < In for all MEIN , then x so
.



Rudin Chap 2 Exercise #2

Def: A real number XOEIR is algebraic if there exists a

polynomial play -_ anxnt - - - tasxtao ,
with Aj ER, j -o,-, n,

and sat . plxo) - o .

t.gr is algebraic : plx) = x'- 2 . plrz) - o .

Fs , Tn .
MEIN

it is not algebraic , e is not algebraic .

Exercise : Show that A- Ix EIR : x is algebraic is countable
.

←
Note that this is

Sid: IA = U 4 x EIR : PK) - of a finite set for
each given plkle Cx)

.

pk)E #HER:p -of E degree Cp) .

←
④ G) =/ polynomials w/ rational

coeff . . in the variable Xf .



So it suffices to show that QQ] is countable
,

for then At is a countable union of finite sets

( and hence countable) ← Lecture 3. Video 5

polynomials
Det . 063¥antaq : area}

K MI

v b Are rite)
tt Cartesian products⑥ = x - - - x F (an , any , . . . , as , Ao) of countable sets
- (Discountable)

cuts) - times 11

a bijection, so 06 ]=¥µWn=U④ut⑦ 0¥ ,
MEIN countable

So ④Gif is a union of countably many countable sets
,

hence countable
. D



Core. The set IRL Htt of transcendental numbers

is uncountable
f

-

PI: 112=4121 A) u Hy fo Rutt cannot beon n

I 1 countable; if it was,

uncountable . . .

Countable would lead to e

(Lecture 6) ( above)
contradiction . . .

Exercise : Let (Hd) be a metric space .

T n) Is d
'
a distance function on X ? No

e) Is 5d a distance function on X ? YES .



a) Let Dlx.yt-dlx.gl
'

, ttxyex lie .
D= d')

• D(x. y) > o , V-xiy.cl/DCx,y)=0#x--y ✓

Dfxiy) - d kid > o 0=17144) - dfx.DZ#dlx.yl--o
⇐ x - y

• Dlxih) - Dly , x), txyex Edds's knot .
DAD - fdlx.gl/q(dly.xD2=Dly.x) ✓

d is a
diet . ft .

• Triangle inequality : Dlxit ) e- Dlxiy) +DIYA)

dlx,HE dlxy) t dlyiz) ( bk dis e dist fat .)
I

dlxizfcfdfxiyjtdly.es/--dlx,yTtdl4r-ft2dlxnldlaz.



IgE Hypo
'd equality holds and X¥y¥z

(x. 2) = dlxiyltdlyiz)
then :

Dta) = dlxr-K-dlxyftdlyr-ft2dlxnldk.ee)
=D (xn) + DIY .⇒ +24kg)d4ie)

This would lead to the
-

So

following contradiction : triangle
.

Dfxy)tDly⇒t2dlxDd4ie)
t

-

=D (x.e) ED ( xn)t Dha)
I so

oc2dlxmldly.tl e- O -

D



2) E (xn) : = Sidley) , V-x.ie EX
.

• Efx, y) 30 Vey EX , and E (xn) -0 ⇐ x -y

Ekin) -- 5dm)t ✓
O -ECxiyl-5dlxiy1@dCxiy7-oEsx-y.Elxiy7-Ely.x) , V-x.ge X÷
Ekin - 5dCxy) - Solly , x) = EG . x)

• Triangle inequality : ✓
E- ( x ,⇒ E Elx, y) t Ely . z) , txiy , -2 EX

f'd 54km) Edta)
Bk dis - dist

. feat : 5dlx.ztssfdlx.ptekazD.FI#y!!



Rudin Chap 2 Exercise # 14

Find an open cover of E - Cat) without finite sub cover
.

Recalls : Edo , 1) is not compact, so such an open cover

exists
.

SI: let Un - ( ha , t) for all MEIN

Hed

#"l¥L Uz - Chat)
In 43 I

z V3 = ( 13 ' 1)
T

v end-Un
194C !,µUn , i.e , Hulmeµ is an open cover of Cats)

.

• Clearly Un is open for all MEIN



• FX Etoile) FnEIN s - t . In exc 1 , i. e, XE Un,
by the Archimedean property .

Any finite subset of Hulman does not cover

E - Cat) : let fun. . Um , . . . . Una ) be such a

finite subwelection of open subsets
.

Let

N - Max { MI, . -→ Unf EN
Then ¥14

a.
Ung. = Un

.
U . . .

U Uu, because

¥ slug V- jet , - . .

.
K but ut EE .



Note. If we were trying to do this on

the compact set E - [0,13
,

then it

wouldn't work :

→ BEE would have to be in some

open
set of the open cover

end
,

indeed
,
fed] is comped , so every

open cover hasafiuitesobc.ve# .


