
MAT 320 Lecture 5 9/1412020

Compacts
let 4. d) be a metric space.

Delon: An opener of ECX is a collection Ga of open

sets ( in X) such that E c Y Ga .

EI: IX. d) HR? d)
^

p.tt?HoEDef:AnbsetkcX
is compact if given any open cover

{Gal of K , there exists a finite subcover
, soy

Gas , - - y Gen s- t
.
KC Ga

,
U
.

. .
U Gan = :

a.

Gai
.



Compactness relative to
- . - ?

Recalls. A subset ECYCX is ¥1 if end

{ only if E = Y NG where G is#X . ]
[ similarly for closed subsets relative to a subspace .

" "

them : If Kc Y c X ,
then k is compact in X if

and only if k is compact
"

in Y .

"

Pt: suppose k is compact in X ,
let Hal be a collection

of open
subsets of Y sat . K c Valk . By a theorem in

previous lecture (see
remark above) , there exist 3Gag open

subsets of X sat
. Va - Gary

.

Since his compact ink,

we have that KC Ga
,
U .

. -

U Gan, for some G. - - in .



Since Kc Y ,
we have that Kc Va, U . - - U Van . Thus

K is compact in Y .

Conversely, suppose k is compact in Y .

So let 164 be an

open cover of K in X .

Let the Gary .

Since key
,

Hal is an open cover of Kim Y .

Thus
,
since his compact

in Y ,
Kc Vad - -

V Van for some as
,
-
.

, an .

Then

Kc Va
,
V
. -
v Van - (Gq V - - - U Gan) NYC Gast . - - u Gan .

Therefore k is compact in X .

0

Remain . By the theorem above
, it makes sense to

talk about
"

compact metric spaces ! since compactness
is an intrinsic property , unlike being

"

open
"
or

" closed
.

"



Thx : Compact subsets of metric spaces are cloud .

Pt: let Kc X be compact, we would like to show that
x

Kc =XX is open .

vlet peke
,
if qek , let Vq⇒p and

WqFf be open neighborhoods s
.

t
.

Vqnwq =§ .

Note { Wg ) is an open cover of K. Since

9-EK
k is compact, there are finitely many GE k s .

t
.

KC Wqsv . . . Uhlan = : W
.

Let V: -- Voter . . - n Vqn .

Since

this is an intersection of finitely many open subsets
,

V is open in X . Since Vqnwq- ol , Fateh
,
we have VCK?

Thus pete is on interior point of ht. therefore he

is open , i.e
,
K is closed

. Ey



Thin. Closed subsets of compact sets are

aanp-act.PL
: let Fck CX ,

F closed in X
,

k compact . Let Hal be an open cover

of F. Note that
← open in X

KC ( µ Va) u fo
(bk F is closed inX)

since ht is compact, there exists a finite soberer:

i
.

c- may or may not
K C Vas U - - U Van UF? appear in the

subcover
.

Removing F
'

if necessary ,
we have Fc Vx

,
U
. . .

U Van .

Thus
,

F is compact . D

core. If f- is closed and K is compact , then FAK is compact.

Pt: Fn K is closed (since F and K are closed)
,
and

FAK CK hence compact by the theorem above
.



Thin.. If that is a collection of compact subsets of a metric

space X such that the intersection of every finite

sub collection of that is non - empty , then Ike is non-empty .

Pfe. Fix Ky a member of 1h14
,
set Ga = KI

. Suppose

that no point in Ks belongs to
every kg

i. e.
,
tpc.kz

,

3-a set . peki -- Ga .

Since Ka are compact, they are closed
,

and hence Ga are open .

So 1 Gal is an open cover of
Ks .

Since his is compact , there is a finite subcover:

KIC Gas U - - - U Gan - KIU . - - OKIE (Kash - - - Akan)
'

Thus : Ken Kash .
. .nu/an=o/ , which contradicts the

hypothesis . Therefore 3- petty which belongs to all other Ka,
i. e. , Ipsc haka . I



Core. If thug is arrested sequence of nonempty compact subsets, i. e,

Krishna
,

tu EIN
,

then
n?µKn ¥0 . ×

'÷:::*: :.ir:
"'m:c:*:

is nonempty :

Kuan Huan - - - n Kum = hlmaxhns.ua
, .

.
-mm)
# $ .

I

Eixample: let fin) be a nested sequence of closed intervals

in IR
, say In

- fan , bn] , an a bn , then .

Then
u?µIn¥¢.

Pt : let Etan : news to . Clearly ( Rgamtfiutahispdsneasmfhetoetahe)
E is bounded from above

, e.g. , Is property .

bazan , then, is on upper bound .Tf
Let x : = sup

E
. Clearly , xxan.V-neiN.EE#H

"

age
Q2 bz by



Moreover
, for all MMEIN

an E Antun E bntmsminlbu.ba ) Ebm
i. e.

,
TmEIN

,
bm is on upper bound for E .

Since x is

the lead upper band of E, X Ebm
,
the C- IN

. Therefore
an EX E bn , AMEN , i. e

,
XE
u

In 40 . a

Note:The above proof doesnt use the fact (proven later)
that In are compact!

Thnx: If E is an infinite subset of a compact set K , then

E has a liepoint in K
'

¥0PI : suppose no point of k is a

limit point of E .
Then tfEk, Zvqzq open neighbot. such

that Vq contains at most one point of E- (namely of itself)
Note that , since E is infinite , no finite subcollection

ofhvqf can cover E
,
and

,
in particular, no finite



Sub cover of 444 can cover KSE .

This contradicts

the assumption that K is compact. I

← infinite
Example. E - { In : new) set

K - fois) compact .←Yue:
ra:#

""hats k ,

end of today 's E
lecture !

Note that oek is a limit point of E in K
.

K - cells in IR"#

KEI
k=3

Ri*÷r÷÷¥÷ one b
,

interval

@s.bIfxfar.b) (as ,bI× Car.bz) e. (as.bz)

R - { KHDEIR? ai E Xie bi , ieee)
R - 1*44×3) EIR? aiexiebi.ie#3)



DI: Ak - all in 112" is a subset of the form

[as .ba) xfaabilx .
. . xlax.ba. ] - flu . . -Ma) HR" : hi.u÷Y÷?!:*}

.

Observe that
, just like I - cells ( closed intervals) , intersections

of nested sequences of nonempty e- cells are nonempty .

Pti let In - fans
,
bn

..]x Cane ,
bmz) x - - - x Canine

,
brine]

be a nested seq . of K - cells .
Note that the projections

of In to each coordinate axis - are collections of masted

I - cells , namely fan,j , bmj ) .

"

By previous example,
we know h Lang; bmj] f- §

. Say Xj EM Caujibnj ]
, jets,- it .

MEIN MEIN

Then I - Cas
,

-
-

, xj , - - g xx) Eu#In # of a



The . K - cells are compact

(In particular, closed intervals (a.b) CIR are compact) .

PL: let I - Laabs ) x . . - × Can. .ba.] be a K - all . Let

&Xz
S - Eilean .

Note that a÷f÷#EI 7×1

V-x.ge I , dlx
, y) ES .

4
.

Suppose , by contradiction, that I is not compact.
Then there exists an open cover Kaf of I which
admits no finite subcover

.
Let g. = ajtbj .

2

The X- cells determined by the

intervals (aj , Cj ] and Ccj . bj] subdivide I into 2
"



K- cells
; say Qi , whose union is I

.

At least

one of Qi cannot be compact, say he is not

compact . Continue as before and subdivide Ieds
into 2

" sub - K - cells determined by midpoints .

We obtain a sequence In ,
with Io - I , IEDs,

S -
t .

(a) I 3 Is Diz 3 - - -
SINO - - -

(b) In is not covered by a subcover of {Gal.
(c) If x. y EIN , then d G. y) stfu . Ga

$, H . Aan" -40 , say * E. In
for some a , Xe Ga . Since Ga is open



Fr so s -

t
. Br C Ga

.

In other words
, try s- h

dtxiy) Cr , y C- Ga
.
So choosing n large enough, we

have Ign Cr (by the Archimedean property of R),

then Inc Ge ; by cc) . This contradicts Cbs
,

and finishes the proof that I is compact . •


