
MAT320 Lecture 4 9/9/2020

Metricspaces ←
elements PEX are called "points

"

Det: A metics is a set X with a distouafnch.sn

d : Xx X → R ,
i.e
,
a function s - t .

(1) dlpiq) > 0 if ptq . dfp.at/--0#p--q .

(2) dlpiq) - dfq , p) , ftp.g-EX r

( H dlp.qlsdlpirltdlr.FI . ttpiqirex#-.

"

triangle inequality ". p
9-

Examples : X -
- R
"
-

- has . . . > xn) : Xi EIR )
-

dlpiql-llp-qll-JEgi-g.ge is a metric space
i - e (

"

Euclidean space
")

.



Example : X is any
set
;

d :X x
X - R

=

dfp.ge/=Z0ifp=f1 if ptg .

'

! ! - !
' "

i
check that this "

o - s
"

distance is a dist . function .

PI : (d) dlp , f) =L so if ptg ,
dlp.gl - o ⇐ p=q

(2) dlpiq) - dlq, p) because p=q
and ptq

are symmetric in pig.

dlp.qledlp.rltdlr.ge)
p - f : dlpiql-odlp.rltdlr.ql-ddlp.rs/IfII

1
, if r-- Pffptq : dlp.gl - I

"

, dlpirltdlr.FI -- {1, if p¥q=r2
, if rtp tf

rtq . D



Det (Metric ball) .

the (metric) tael of radius r so

centered at PEX is the set :

Brlp) -- Ix ex : dcp . x) ar ) .

EI : In the Euclidean space (R
"

,
d) :

Brin - HEIR" : xx - pilar ) gt Tarek?÷÷
of the
round

If IX.d) is equipped with the 0-1 sphere of
radius r

.

distance
,
then centered at p .

B. (p) - Ipl
,
if res

Br Cp) = X
,
if r > I



Ded: In a metric space Xd) we say that :

• a ghborhood of pex is a subset UCX
-

such that peu and fate U , Fr > o ,
s
.
t

. B. (g) a V .

• pex is a ligan of Ecx

"

if every neighborhood of p contains some element
Eci x

"
in the boundary

"

of U

of EE , ftp. is a limit point of U -

• PEE is an isdatedpoint of ECX if p is not a

limit point of E .

• ECX is closed if every ✓
limit point of E belongs to E

.

E= Eoulea.ez.es )



• A point p is an interior point of E if there is

a neighborhood U of p
with UCE .

•
ECX is oped if every point x EE is an interior

point of E
.

• ECX is perfect if E is closed and every point
of E is a limit point of E .

• E CX is bounded if Spex and FR > o s -

t
.

ECBpep) .

• ECX is dense in X if every point of X is a

limit point of E or belongs to E .



Examples: Determine if the following subsets of 1122 w/ the

Euclidean distance are A closed; ⑦ open ; perfect; ④ bounded
.

or

A . 13167=1 Giselle : Kitty's 4
closed : NL; open : yes , perfect : NI ; bounded : yes

B. BIOT =/ ( x. pete : txt 't Igf a- If
closed; yes , open : Ne ; perfect : Yes, bounded : Yes .

• 4,1 )

c . 110.0)
,
( kid) ) .

com ,

closed : YI, open : Ne , perfect : Ne ,
bounded : yes .

D .
I .

.
.

-i - i : i i ?
. . .

closed : 71 , open : Ne ; perfect :WI ; bounded: Ne



E
.

E - f In : he IN ) ??
. .

" ? ?
'

oft

closed : me , open : Ne , perfect : Nc ; bounded: yes
F. IR
' Is
closed : yes , open : Ya ; perfect : Yes , bounded :we .

G
. ( a.b) III.

open :#
←
linley

closed : NC , ; perfect: Ne; bounded , yes .

( but : it isopen as
a subset of CR )

Thx: A set E in a metric space IX. d ) is opes if and

only if its complement EE XIE is closed .



Pt: First
, suppose E

'

is closed .
Take XEE .

Since XIE
,

× is that a limit point of E
'
. Thus there is some

neighborhood U2 x with U NEE f , that is , UCE .

This means that KEE is an interior point of E .
Therefore, E is open .

Conversely , suppose E is open . Let x EX be a limit

point of E? Then every neighbor . of X contains some

point of E (other than x itself) . So x is not on

interior point of E .

Thus x & E, . i. e.
,

XEE? Therefore
E is closed

.

G

Reede : De Morgan 's laws

( very - Aa, , Mae.): ⇐5
LEA
← not necessarily

finite



THI . (a) Given any collection 1Gaf of open sets ,

the union
,
#Ga is open .

(b) Given any collection f Fa ) of closed sets
,

the intersection Jerk is closed
.

(c) If Gs
,
--

,
Gn is a fine collection of

open sets,
then i⇐Gi - Gsn - -

n Gn is open

(d) If Fs
,
-→

Fn is a finite collection of

closed sets
,
then If

,
Fi .- EU . .

-

urn is closed
.

Pti (a) G - yea Ga . If x EG
,
then Fae A sit .

XE Ga
.

Since Ga is open , X is on interior

point of Ga ; hence also an interior point of G



Thus
,
G is open .

(b) %
,
EY -

a!fCE÷ by this is open .

open

Therefore f) Fa is closed
.

AEA

(c) let Hee
, ??Gi , XEH .

Since Xe Gi , Vi -4 - - in .

there exist vi. so sit
.

Br
,
G) C Gi

,

thief . . . > n .

let r - yyy.in/rigso.NoteBrCxkBrc.Cx)cGi ,
so Dr CH .

Hence x is an interior point of H ,
proving that H is open .



(d) ( II. Fi)! d(Fyi )
'

is open by cc )
,
thus

open
Fi is closed

,

a

Remarry : The condition that A is fit cannot

be relaxed in cc ) and (d) of Them
.

above :
Gz

e.g , Gn := f- 'a. ta )
f) Gn - lol . is not open .

MEN

similarly , consider Fn - f- It 'a . I - I ] I¥I÷!

n
!,fFn - C- 41) is not closed .



Def: the closure E of a subset E in a metric

space is E-= EVE
' where E

'
is the set of

limit points of E . This implies that E is

#
the smallest closed set

Thin. Cal E is closed
{ containing E .

(b) E -

-
E if and only if E is closed

(c) ECF for every closed set f with ECF

Pt: (a) If PEX . p¢E then pfe and p is
not a

limit point of E . Thus Zuzp neighbor . st . UCE.

Thus E is open , therefore E is closed .

(b) If EEE , then Eis closed by Ca) . Conversely , if Eis



closed , then E'CE so E- = EVE 'CE .

(c) If F is closed
,

ECF
,

then E's F'CF
.

Then E- = EVE 'CF .

I

Opeuuessisrelative :
a (a. b) x4o} CIRZ

( ads) CIR is not

#⇒
" fat' opens

a b

is opere.

Note: If Yc (X , d) is a subset of the metric space Kid!

then (Y , dly×y) is itself a
metric space .

Thug: Suppose YCX .

A subset Ecy is openiny if and

only if FGCX open in X s .t . E = GAY .



Pt: (⇒ I suppose ECY is open in Y .

Then Ape E

Zrp > o s-

t . I yell : dcp . g) Crp } CE .

Let

Vp ⇐ f x EX : dlp .
x) srp )

,

G :- PHEV
(dearly Vp is open in X , and hence so is G .

Since perp , tp EE, it follows that Ec GAY .

Moreover
, Vp =E

,
Vp EE , so GRYCE . Therefore

E = GAY .

Conversely , if E -- G NY , with Gc X open
in X, then

Ape E ,
3- Vp CG neighbor . , so Vp NYC E . Therefore

E is open in Y . D


