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ihleierstrasstpproximetiontheorear : If f :[a. b)→ IR is a
continuous function , then there exists a sequence

{ Pnf of polynomials St
.

Pn→ f uniformly on laid .

(In other words
, polynomials are dense in G( Cab) , IR))

Lemmy : Axe [on]
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then
,
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- Linx? Then 0/67=0 and

0/4×1 -- ult- 54
" "

.

2x + Znxzo
""

04×1 so if x econ) .

So ol is strictly increasing , hence 0/1470 , Exec .

Pf ofweierstresstpproxthmi Without loss of generality
assume [a.b) =[oil] and flo) - O - fu), since :
• Translations and homotheties transform polynomials
into polynomials and do not affect uniform convergence

• Consider glxl -- fix) - flo) - x ( ful - fld)
glo) -- O - gu) . If we sowed in approx . gcx)

with polynomials , then we will also be able to

approx , flx)
with polynomials .← ble glx) - fix) is

an affine function of X.

a-



We may also extend f :[aB→lR continuously to

f : IR → R by setting fix) -o if x # Cab .

^

Since f. KiB -R is fix,

continuous , we know it is--#¥#mm
- forwhy continuous; and

so is the extension f. lR→lR . Polynomial
bump
on Eli]Define Qnkl - alt - "Y' " ""¥¥¥¥qea¥where cut IR sit .

{µx)dx =L .

Rft) -- o

Note that on grows in a controlled way :

In = file-x'Pdx - 2J:( a - xD"dx > 2J!tI-xYdx
Lemm

zffrnftnxgdx-2fx-n.IM?rn---2f1rn-5En)=2-rn--z4nrsf .



thus cus in , Fn EIN .

For f > o , we therefore here : if x El-Ii) , 1×138,

then Qulx) - cult - xD
"

- rn (I - x4%rn(s-S4
"

X

Now
, define tf

Pnlx) - f! flxtthlnftldt
Claim : Pnlx) is a polynomial in x .

Let u -- xtt , so du - dt , and t - - e⇐ a- x-I{ te t s⇐u-- Xtf
f! flxttdnltldt - f! flu) Qufu - x) du -
→ my

poly in x

j¥ - fottluldulu - Ddu
x-I -

polynomial in x
( b/c we may

move powers of x

outside this integral in n )
claim : Pn → f uniformly .

"

Let E>o be given, since f : IR- IR is uniformly out. ,



IS> o s -

t
. if Kyles ⇒ If Cx) - fails 42 .

Since f is continuous on [oil] and feo outside Laid
,
so

f ( IR) =f( [aB) is compact, hence bounded
,
ie . 3- MEIR

fled CEM ,
m); i.e , lflxll EM ,

V-xc.IR/Pnlx7-flxY--/fifggttfgnHdty-fDf?iuHldt/
-

I

=/ f!flxttldnltl-flxknltldtf-ffiflxttl-fl.DEdtf
70

qqjId Ef! lflxttl - flat Quftldt
& ¥ f! lflxtt) - fled lduftldttfglflxtt) - fled lduftldt- -

⇐2M < Ez

+ fgdlflxtt) - f Idu dy

"c Htt - xtttkf

Em lfixttttaaklffxtthtftz"'m



⇐ 2M Qnltldtt off!Qultdttamfgcultldt
-

E I

c- 2M rule-5)ht E- tzmrnfs-S4
"
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Therefore
= 4M rn ( I - 8)

"

t Ez s E . Pn- f uniformly .

- it
o as net , for MEIN

blat- 5)
"

→ o foster soft . large .( than rn → to )
LT

stone.wwerstrasstppmximotiontheorem-i.c-pw.gg!:{west
makes the
Weierstrass Approx .

Dd: A fever is a subset A of
tan wax ?

the metric space ECM.IR) of continuous functions
f :M → IR, such that ,

i) f , get ⇒ ftg , f. g C- A closed under t and .

ii) CER , LEA ⇒ c. f EA closed under molt .

by scalars .



Det .- A function algebra ACE (M ,
R) seporatespoiuts if

Tx
, y EM , xty Ff EA f Cx) # fly) ;

and A

Lacouture if the M Ff EA s.t. f to .

stoue-weierstrasotpprox.tk# Suppose M is a compact
metric space , and Ac ECM ,

is a function algebra
that separates points and vanishes nowhere .

Then

• is dense in HMM .

ryegpne.mg?:rd.s:pIffIi9::gY
Note: setting M=[a.b) , A - Ip :[a.b) → IR polynomials

one recovers the Weierstrass Approx . Mm .

Indeed , p , q E A ⇒ p tf EA . p
-

f EA

c. p EA ,
Fc .HR

Given r,sE[aib) , rts ,
PK) - x separates them !

Moreover VrE[a. b) , pcx) - I fo .

An application to Fourier Analysis : s
'

-¥O.M -- 5--6,2*3/0 not Tt:



eels'
.
- If :S.#S - Is :b.at#RgE.f;f.-4*sAcG(S3lR) trigonometric function

A .tt#oaxcosfkxIt!Iobhsinlkx),an.bhelR}
→ A is a function algebra
→ A vanishes nowhere b/c flx) - Ao EA , Hao EIR

A separates points : indeed , if xfy ,
x. yet , ht],

then sin x f- sing or wsxt cosy unless

High 10,2#1.← these are identified
in St = Coin]/o*e

By stone - Weierstrass theorem, A is dense in 867112)

EI : Aeron -- Ip :C- I. D → IR , pix) - pl- x) , tx

polynomial )
A even is a function algebra , it
vanishes nowhere

,
but it does not separate points-


