
MAT 320 Lecture 25 11/30/2020

Bounded sequences of functions-

Ded: fu : E → IR is pointwisebovnded on E if

VXEE, Folk) EIR s- t
. Ifnlx) Is 0/67 , tu EIN .

F The bound depends
on the point x.fu : E → IR is uniformlybunded if 7 MEIR st .

Ifulx)ICM ,

the EE
,
threw .

F-The bound doesnt
depend on x.

Of course : unit . bounded ⇒ pointwise bounded
.

But the converse does not hold; e.g :

^µ¥x fu :[at → R

ti
.¥¥i÷ a. .E¥⇒i÷÷÷÷÷.

• fulx) is wet unit. bounded :
AMER FnEIN n> M

so fnfdn) -- n > M .

• fuk) is pointwise bounded : fuk) E 0/1×7×1, . then



Note. Even if Ifn :EMR} is unif. bounded
,
there

might not be any subsequence of hfn :E→R/
that converges pointwise on E

.

EI : fuk) -_ sin nx , NEIN
,

x c- Lort] .

Claim: there is no subsequence offal that converges
pointwise on Cora] .

If not, say flunky - sin @*x) converges pointwise on GRIT .

Then : the Sin Hex ) - sin @* x) - o txelazn]

So Ing (Sin (nah - sin Luna , 2=0
We have not discussed

← this
,
but young.eu 't

hereto

By Lebesgue 's theorem on integration :
'tongarewa.

Em
,

[
"

(sink . x) - sinlnn.ms/dx=0

However
, fjhtfsinlnax) - sinlnaa.cl/dx-- 2K; hence we

have the desired contradiction
.

-

them. If Ifn : E- RI is pointwise bounded and Eight,
then there exists a subsequence ffnj.ES/Rf that

converges pointwise.



PI: Sina E is countable
,
let E -4×1

,
xz, - - - in,- - - f .

As Hula) } is bounded
,

there exists a convergent

subsequence If I,xf i.e
. f, As) converges as Keta

.

We can thus construct analogously a sequence of

sequences :

Ss : feed , fee , fed , - - -

Sz : fz.se , far , fzis
, - -

-X.§ : hey , f.
.?

Is
.

!
- -

such flat :

a) Sn is a subsequence of Sny , ten -23, - - -

b) hfniklxn) ) converges as Ksa (This is possible 6k

hfulx.pl is bounded)
c) The order in which functions appear

in eeeh

sequence must remain the same; if
fab appears before fqc in Sa , then the

same happens in all subsequent su 's, as long
as both functions are there

.



Consider the diagonal subsequence full far
, fas, - - -

By 4
,
this sequence is a subsequence of Sn for

all MEN , so
b),
it converges , i.e,

fnmlxi) converges
tied as n-a .

a

Def: A family F= If E - IR ) is equiaartinuas
ou E if HE>o IS>o s- t . tf EF

dlx. g) as → Ifk) - fly)kE .

Rink : If F is equicont. , then every fefisunif.cat

them . If k is compact and fu E ECK, R) , then
and fu converges uniformly on k

,
then I - Ifn :neiNf

is equi continuous .

Pdi. Given E>o
,

since fu converges uniformly, 3-NEN

s- t . n> N ⇒ Nfu - full SE .

Recall that cont .

functions on a compact set k ore unit . continuous
,

hence 38 > o sit
. dfxoykf , I Eis N

⇒ lfilx) - films E .

If u> N and dlxiykf, altogether, we here :



Ifnk) - fnlytlslfnlxl-fnlxltlfnlxl-fnhdltlfa.ly) -fish
--
< e CE CE

E3 E
.

Since E is arbitrary ,
this implies F=ffu:{ is equicoutinuas.cn

Arzela'_AsaliTheorey .
If k is compact and fetch.IR/.-VnelN

,

and F - Iff is pointwise bounded and eguicoutinuoes ark, then :

a) Hnl is uniformly bounded on K

b) ful has a subsequence that converges uniformly .

Pfi a) Given E > o
,
since Ifaf is equi

-cont
,
-3870 sit

.

dlxy) CS ⇒ I fnlxl - fragile E , thread
.

Since k is compact, there are finitely points
r

Ps , Pz , e - -

, pr Ek s-

t
. UB(pg , s) = K .

In other

jet
words

,
then

, Spj , asger st .

d (Kpj)Cf. As

lful is pointwise bounded
, Vj - I, - -yr, 3- Mj EIR s! .

Ifnlpj) ) L Mj .

Since there are only faith may

Mj 's , let Me Max { Mj; j - I . - > rf Sta .



Thus
, Ifn 1=1 fuk) - fulpj) tfnlpj) I

E) fuk) - fnfpjlltlfnlpjll - Mt E .

- -

<E -Mj EM
Therefore l ful is unit . bounded on K . g¥¥÷¥÷:&
b) Let Entt . By Them

above
, Ifn ) has a subsequence ffnifs.hr.

tfnilx) ) converges (pointwise) for all XEE. Let's

simplify
notation and write gi=fn , .

Claim : } gil converges uniformly on K
.

Given E > o
,

choose 8>o by eguiaeutinuity (as above) .

Let V(x. 8) = I yell : dlxy) CS ) . Since Eis dense
ink

,
Fxs

,
-

→
Xm EE s- t . If 8) 3k .

Since #half
converges VXEE , F NEN s

?t
.

i. j > N ,
IES ⇐m

Igilxs) - gjfxdls E .

For any x.ch/,xEVfxs , S) for some# Em. Therefore
,



Igilx) - gilxsl CE ,
tie IN

If i.j >N we have :

Igilx) - gg.CH/Elgilx7-gilxd/tlgilxd-gjlxsY-lgjCxsl-gjCx3/
--

<E
se

cc

E3 E
.

Since Eso was arbitrary , it follows that fgig
converges uniformly on

K
.

Example: fu : Lon] → IR .

MEIN

XZ
fu G) = -

Rt (t- nx)
'

• Iff is u=ed Sk :

Ifn l E 1 , V-xelo.is

• uh'T
,

fuk) - O , ie , Hnl converges (pointwise)
too

.

however faff)=lY 1
.

( Ym)'t H - n Yu)
-

=

-

= 0

Therefore hful doesnt converge im too
.



' "÷÷÷÷÷÷÷÷.
convergence is not uniform .

(even for subsequences)
Thus, by Arzerki- Ascoli , we know F= I ful is not
equicontinuous .

What is the least area?
-

"

calculus of Variations
"

÷
.

' - fit""?:? 's:¥:::S }¥Ei Alftfisixdx "

g:# AHH?
"

I. Does there exist foe F s. t . Alf) > Alto)
for all fef ?
I: No : there is no such fo EF .

For any f EF , Alf)④
the IN

, consider fu (x) = x? Clearly fuse F .

Attn) . S! x" dx - 2I I If o
.



So if fo EF existed
, Alto) E Alfa)=¥n,

so Alto) =D .

This contradiction implies that no
such foe F exists

.

→

Rink : F is not eguicoutinuoos .
Indeed

. if F was equicontinuous,
then tfulx) - x" )

would also be equicontinuous; and
hence by Arzola

'
-

Asado, it would have a¥u subsequence .

⑧ Is there a fix?
Yes : consider the following subclass of F :

E = ( f : this → Lord : fl -A- I -- fu)
Hkd - fly)lE4x- yl , Kaye

Note: Vc> o ,
Eff-h¥

w/ const . c .

Claim : Fc is equicoutimvous .
V-E 70 , let Se Ek .

Then if x. ye G. I]

Ix-yk8 ⇒ lflxl-fhpleclx-glcc.EE .

Clearly , I is uniformly bounded :



If EL the C- hid
,
tf EE

By Arteta'-Ascoli
, any sequence of functions in E

has a subsequence that converges uniformly on Elis .

AG)
let point } Alt) : ft E ) #¥

[ - non - empty
AMEN

, Ffu ETE s.t
.

. tggunded from below

ME Attn) E Matta ④
Let And be a subsequence of Hnl that converges

uniformly , say fun,→ ok :[I. B → Lois .

Alok) - fiodxldx - fifer. fnndxsdx -¥. Sifu.
dx

⑧
-

-¥
.

Altun) =µc .

So we found a continuous function ok :L-H) → for]
with del - i) -4--4.11) which attains the int .;
"et the

"

area under
"

ok is the Beast possible
among the areas under functions in Fe

.



Rink. what does ok : Eli] - Loi) look like ?

÷±⇒¥÷÷⇐÷÷
.

÷÷÷÷¥÷i%0 Ccc t C> I

d.HI - txt

ME 1 .


