
MAT320 Lecture 24 11/23/2020

Read: fu : E - IR converges uniformly to fo : E→ IR if

HE > o IN =N(E) EIN s -
t . n>N

Ifn (x) - fold If E , V-XEE

Thin: Suppose fu → fo uniformly , let x be a limit point
of E and fling fnftl-An.V-u.IN.

Then tan }

converges and thin, fatted:3
An .

In other words : We may exchange the order of the limits:( HII. ! tutti - E: f Init) )
Pt: Given E>0, since fu- fo naif . ,

IN c- IN s - t . if

n.mx N ,
TEE

,
then I fuk)- fault Is E . Letting tax

we find Ian- Aml EE .

Thus haul is a Cauchy Sef ,
and hence An → Aa .

Now ,

If alt)- Aol El fait) - fultlltlfultl - AntHan-Aal
X. Tags ¥

Choose new large enough so thot ( fact) - fretting;
and so that ( Au- Adf % .

For this n
,
we choose

a neighborhood Vax s. t . lfultl- Anka 43 , htt EURE
ttx .



Altogether, we have ( fact)- ALEE
,
# c- UNE

,
ttx .

Since Ezo was arbitrary , this gives they fact) - Any
Corollary : If fu: Es IR is continuous the N and

fu- f, uniformly , then fa : E- IR is continuous
.

Pt : From them above
,
we know that if x is a diuwtptofei

him faith = thing
,
his tuft) - l htmxfult) - faced .

tax - T
faith fntxlhwut

.

of fu

Ri • Uniform convergence is necessary
El

( counter- examples given in Lecture 23) .

• If fu are cont . and fu- far end

of, is cont
,
in general, the convergence need

not be uniform .

However :

Thin . Suppose he is compact, and

lil fu :X - IR are continuous the IN

Cii) fu- f, converge, pointwise to fo : K - IR and

fin is continuous

(iii) fu (x) > fun. (x) , ftxek , knew

Then fu → for uniformly .



Pti Set gu = fn- fo .

Then gn are continuous
,

gu → o pointwise , and gu > guts .

We want to

show gu→ o uniformly .

Given Eero , let Ku =/ XEK : guld > E ) .

Since gu is

cont .
,
Ku is closed and hence compact. Moreover,

fun guts implies kno Kate
.

Fix KEK
.

Since

guk) → O
,

we see that Xf ka if u is sufficiently

large .

Thus x of Attn . Since xehl was arbitrary, it
ht CN

follows that A kn =p .

Thus
,
kN = $ for some NEIN

MEIN

( by Video 5 of Lecture 5) . In other words, O Egulx) CE

tfxeh , if u> N . Therefore gu -
o uniformly . a

thevectorspaub-CX.IR/8H,R)=4f:X- IR continuous and bounded functions

f.ge f(XDR) ftg Eb (X, R)
←Cftgllxtflxltgcx)

aEIR a - f E E CX,lR)←@ - f) Cx) - a. fix) .

So 86,112) is a realvectorspaa (of infinite dimension)

(Rmd : If X is compact
,
then

"

bounded
"

follows from
" continuous")



Ded: Hf II = foggy HGH
is the

"

sup- norge:c .

Prod : @ (x.IR) . H - ID is a normed vector space
!:&:)

Pd: ① Hf H > o V-fc-EH.IR) is obviously true .
If 4=0 ⇐ If 1=0 fxex

⇐ fad -0.
"

Axe X
⇐ f - O

② Setting h - ftg , we
have : HWI

lhlxllelfcxytlglxdesyffkkgk.IE#qyfkdtapgcxlXEX
--

Kfk t llgll
So

sup that Ellflltllgll
←

11h11 - llftgll .
This proves the triangle inequality

Hftgll Ellfll HIGH .

Note: This norm makes 86,112) into a metric space
itself, with dlf, g) - tf- GH .



Note : Given fu ELIXIR) and fate (KIRI,
fu- fo converges ( in metric space sense) if
and only if dlfu , fo) - Afn - fall → 0

,
which
,

in turn
, is equivalent to fu→f, uniformly .

Thnx : ECHR) is a complete metric space .

Pt: let tfhl be a Cauchy seq , i. e
,
the >o IN s . t.

Hfu - full CE ,
if him>N. By the Cauchy criterion

for uuif. com. (Video 5 of Lecture 23) , there is

a limit function far :X- IR and fu-fo
uniformly . By Corollary above

, fo is continuous
.

Moreover
, fo is bounded because 3-ns.t

.

I fold- fu Is 1 for all x EX .

So faekx.IR) .
Since fu - fo uniformly, Afn- fall→ o

. I

Uniformcouvergenaard-itegnehonthm.se
oppose fue RG) on Cab] for all MEIN and

fu- fo uniformly on [a.b] .

Then fo ERK) and

fab fo da = nth, fab fu da



Pt: Define En = H fu - fall y%,
Hnk )-f. KH Wo .

h→ or .

Then
, for all meIN,

fu - En s fo E fut En Axe Laib]
.

So

fab@n - Eu) da E- feta da s Jab took Ef! #ten) da

o I'fda - f! fda E Saban ten) da - f! K - En) da
= fab u¥ut2En da
= fab 2 Enda = 2 En Kcb) - ala))

since whiny Eu - O, we have fab fade = fab fade , i.e.
fat Rk) . Moreover,

fab fade Ef! (futon) da ⇒ fab@ a- fu) da Ef! Enda
-

En -dad
↳ / fab f. da - fab feudal =/ Saba. -fu) date Enlalh -dad



therefore , gab f. dealing
,
S! Inda -

a

Corollary .

. If fu ERK) on G.b ) and consider the series

to

f (x) = [ fuk) , XE Laib]
.

h =L

If the above series converges uniformly on Laib] , then
one may perform integration term - by- term :

fab da = ftp.fabfuda
NPI:

F (x) [ fnlx) , Fn→ f uniformly .

N
u=L

By Thur : f ERK) and

fab f da - fig fab Fn de - whys
,
fab £
,

fuk) da

iii.ifeng.hn
. Es! wax - TES! kda .

o



Uniform Convergence and differentiation
-

The. Suppose fu :[a.b) → IR are differentiable on Caio)
,

and IX. Efaib ) s. 1. ffnlxo)/ is a convergent sequence .
If fu

'
→

g uniformly on Cub] , then tfnl

converges uniformly to fo :[a.b]→ IR and

folk) = whizz fn
' Cx)
,
the Cab]

.

Pt: Given E > 0
,
let NEIN be s

.

t
.
n
,
m>N

lfulxol-fmlx.sk Ea
and If n' ft) - finals E- ,

ttelacb]
2lb - a)

.

Hmm
-

By the Mean Valve them . applied to fu- fun ,

ffnlxl - fmfx) - ( tutti - faulty =/ fifth - full toll x-H
- - -

Yum (x) Hundt) / Yani (to)
Fto between ④

i:c:*. ea4EIs¥E .



for all t , XE Ca , b] , if m .
n > N .

Moreover
, by

the triangle imeq .
:

Huh - funky Elfnlxl - funk) - (fuku) - funked)/
- -

Yu
,
mlx) 4um¥④

+ I faked- fulxoll
-

KmK
< E .

Eek

Therefore , fu converges uniformly (by Cauchy Criterion) .
Let fo :[a.b) → IR be its limit :

folk) - Kim, fu Cx) , the Laib]

Given xe Lab] , new ,
let (for ttx) .

.

$nH=fnH¥ and Edt) - faltttokd .

t -x

By definition , thy KH) - fu' (x) . By ⑧,
Hult) - dmHIS z÷ if nm> N .

So Oln converges uniformly ( by Cauchy criterion) forth .



Since fu - fo , we
conclude that :

him out) - bun tnttfI!=n€¥k)
h-a N had t

- x

=
draft - fake)
-

= dolt)
t - x

Applying first Tum of today 's lecture to oh -6%,

thank. OHH - the. ¥, Kitt
-
-

Elt) fix)
so

tall x) = thing
,
dolt) - du'T. filx) .

a

Thin : There exists a function f : IR- IR which is

everywhere continuous
,
but nowhere differentiable .

Pt: Define 441=1×1 if xeEhD
.

Extend 4 to

^

q
a function of : IR -s IR by making

- - -

E
- - it periodic , with period 2 :¥i

plants) , HER
.



÷:ii÷::÷:÷÷:÷:
Moreover, 4 is

"

Lipschitz with Lipschitz constant d!

④ 1414 - 4h11 Els - H ,

tater .

In particular, y is continuous
. Define far- IR

flxl -
''

⇐ ¥541411-
fuk)

since OEYHIEI, we have Ifn G)IE
"

.

Let Mn - (ZT , by Video 6 of lecture 23
,
we here:

Eton - 'E. ⇐I -14,7=7*1--3 - to
I

fix fuk) converges uniformly .

By first theorem of today, since each fu
is

continuous , we have that f =t⇐fnCx) is continuous .



let us now show flx) is nowhere differentiable .

fix XER and MEIN
.

Choose fm - II. 1pm ,
where I is chosen in such a way that are

integer lies between 4mx and 4m(xtSm) .

(This is possible bk 14%-44#8mV - 149mHz )
12 He

Define #

gn=4(4Mxtfm)) - 914
"
x) 44×+14 4mx 4¥ tsm
-

O ⑦Sm
go

If u>m, then 4nfm=4n-741dm) is an even integer
"

il

zP ± Yz

p -2h-m)>2

So 4/44+4%4=414"x) because of is periodic with

F-
even integer

period 2 .

Thus yn=0 .

If OE n Em
, by ④

,

If 1414
" txt smh - 914411 ¥ 14*4'Ym-4*1
-
-

Hml Hml



⇐ 448mL
I

-

- 4?

In particular, if uan, then 14144xtfm)) -41474k£;
because there are no integers between 4Yxtfm) and 49,
so

,
since 4m8m=±{,

19144*4-414471=184--1 .

top
eitherhere or here Altogether

⇐ qn * <m

184- (4h am

O M>M

Thus

fffxtfmgmtlxlf.ie#hekiixtsmD-E.-ekixYfm

= MMxtsmfhtk /
-

>Him :&
.

rn

-
-

a-m n Em-I



= {(371) M to as m- x

( cf.fm do as me to)
so the limit of fCxtA-f as Seo

diverges , and hence ffx) is not differentiable
anywhere .

I


