
MAT320 Lecture 22 11/16/2020

Exercisew

Ext. Let g. IR - IR be a continuous function which is

periodic i. e.
,
FC > Ost . flxtc) - fix) , their .

Prove that far) is a closed and bounded interval .

Pt: If ffx) - c then FCR) -44 ,
which is a closed

and bound:D interval . Hence, assume f is not

constant .

By induction . flxtnc) - f (x) , Anew :

f (x) = flxtc) = flxt.CI#=flxt2CtI)-- - - -
-

✓ # 11

flxt2C) flxi.sc)# =2 #⇒ -
- -

Similarly , flx -nd = flu) , threw :

f(xI=f( x - Ctc) - f ( x - C) - ffx - 2Ct§=fCx-2c)=
. . .

ag #
✓ ¥ MEL . - .

Upshot : fix) - flxtnc) tn EI .

In a picture :

←c-



Claim : Va EIR 3- NEI set . a - NCE [O.c) .

PI : Consider E - Inez : nc < a) Cz

Then E is bounded from above by the Archimedean

property : since Go ,
FMEN sit

. n. C >lat
.

Let Ne sup E .
Since E is closed and bounded

,

NEE, so N.cc a
,
ice
,
a - NC >o .

On the

other hand a - NCSC ,
because otherwise :

a- NC > C ⇐ a > (Nts) C contradicting
I N -- sp E
NTI EE

i. e . a- Nc c- [0,4

From the above claim : FCR) = f( Coe]) :
• Cac] CIR ⇒ flag)cf(IR) .

• To show the converse
, suppose bef HR) , then

Fa EIR sit . flat --b .
Pick NEI as above

,
i. e
,

a - NC Elo ,
c) , then f(SNL - flat - befko.CI)

Sr
.

Since f : Rs IR is continuous and Coe] is

connected and compact, so is fko.es) CR .

Since all connected subsets of IR ere intervals
,



and f ( Cac ]) is compact, hence
, by Heine - Borel

Thur it is closed end bounded
,
it follows that

f (Cac]) is a closed and bounded interval
, a

Ex Suppose f : IR- IR is uniformly continuous .

Prove that

F C ,
D 70 set . I fix) Ic Ct Dlxl , AxeIR

.

-

PI. Since f is vwf . can
!! '" has at most linear growth "

VE>o FS > o s.
t
.

" -ons -six. - since.XEfi
Take E =L and note that, from the

above
,
we have 7870 s . t .

Ix - yk 28 ⇒ ISH - fly) Is 1 .

Claim. For all KEI , if HICKS ,
then

Iflxlkhltlflol .
Pf (by induction on K) .

First : K >o

Koo : Hulk I flat if 14<0.8--0 requires.g

Ingfugptiou , suppose if lxkks then lfcxlkktlflol

Let × be sit . lxk#D8
.

WTS : lflxllsktstlfcoll



Since lxklxtt) 8 If Hicks ,
then apply

HIS 11
induction hypothesis ;

g lflxllcktlfcoycktttlf.com

If , instead , KS KIDS ,
then X > o

( analogous if Ko)

If I #(x) - flx - 8) tflx-DIElflH-flx.SI/tlfcx-sH
-
-

< I
< ktlflol

⇐ It hltlflol by ind .

bklx - Cx-SH-828 hypothesis
Do the induction for KEO Kc

on your own
! ( this concludes proof of Clam) . Ix - SILKS

Define E- If HI , D : =3 .

We claim that THEIR
, I .fm/sCtDlxl .

Indeed; set

m(x) - min } KEIN : lxkk.SI
note ruled E ¥+1 .

Then:

If IT"mlx) tlfloHEHItstlfcoll-ctD.ly .

-
-

c
Dlxl

a



Ex2 .

Let f : Caio) - R be a function which is twice

differentiable at xoelaib) . Define g :[a.b)→R by
gut . {

" if *x.

fYx.) if x -- xo

Prove
g
is differentiable at xoxo and compute g 'kid .

Compute gllxo) using definition :

¥. "¥=¥.
⇒

( ) .

( x -xD

=
µ.

- f Cx)- f ko) - (x- xdf→ o as x→ xo

X→Xo

- = -
- -

(X - Xo)
"

→
o as x→ to

check that L '

Hospital 's Rule can be applied :

- -¥iE÷⇒=zt÷. ""tX- Xo
-

f
" ko)

= If
" (xo) . This proves that g is differentiable

at xoxo, and g
' (xole If " (xo) . a



Ext. Let f :[on] - IR be given by

f 6) = { ! if X - In for some new
^

" a. een
::

"

:m. ..". .
÷i÷÷÷÷"

Note that if Osa cbs L ,
then Fxe [a. b] s- t .

x Eff ta : NEIN ) . (e.g. , we may take x EQ) . Thus,
since fk) - O for such x,

we have :

((P, f) = O for all partitions P of Lai
,

b/c Mj = 0 ,
Viet, - - -in .

Given Eso , let us find a partition P's.LU/PifIc2s,
which means that f ER and fotflxdx = 0 .

Let g - ftp.g.iee.gg:[E. I] - IR , get - fed , if{EXEL .

From Video I of lecture 20 , since g
has only finitely

many
discontinuities

, g
is Riem .

- integrable, GER,
↳ glx) dx - o since LCP.gl -0, HP , as above

.



Since GER, FP of [e.Bst . U (Pig) CE .

Consider P' =P Vlog , which is a partition of Loaf,
Axe

satisfies : 9*1*1*4www.
I

P'=P vlog
VIP 's f) = VIP , g) t sup HH . Sx,

xelae) TT
mum E

C E t I . E = LE .

Therefore, FEB and got faddy -- O .

ExI. The improper integral Sato find is said to converge

if ¥
,
fab flkldx exists

,
and fatdfkldx-bfi.gg?fKldx .

Prove thot f!
-

si¥dx converges .

fun say
Does fb/si ldx converge ?

an x
- t

.

I
×

simx
X

-
-
-
-

-
l

-

-
-

I



hetan-fi.it/siIydx µ .

¥"

thus : osaneE.n.it MIT (htt)t (htt)#
oceans 2- Area - I - E°@¥z*=¥t)

2h+1
-

J!
"

sifxdx-f.si#dxtS!tYfIdxt..-tfn!.aIxdx
a- -

- as - -
-

=

ao-azthz-hzt-e-IAN-yfotosintxdx-df.ES?tsinfdx/! feet:&!
"

I
=L:..Eie star .

"t
An 70 , An Marot . decreasing ,

au-O .

II. eitan - to . ( an E #s)
Thus : Soto sthfxdx converges .

On the other hand
, Soto f7 Idc, diverges .



Since zig, Eau ,
tu EN Koeneman:{I.with

so ftizy, s Ean
tree of triage )

NEO

⇒÷r÷÷÷[lsinffdx-fy.i.SI/siFIdx=tf....nEan-to
.

a

Reinoehl . It can be shown that f.
+ *

7dx= .


