
MAT320 Lecture 21 11/11/2020

← ¥eagEfIfInmiEEemJIntegrating away the measure : /fd×
The: Assume x :[a.b) → IR is monotonically increasing and

a
' ER on [a ,b] .

Let f :[a.b) → IR be a bounded function .

Then f ERK) ⇒ f. x' ER . In this case :

fabfdx = fab fix) x' G) dx
Pt: Let E so be given .

Since a
' ER

,
FP - lxofxie - - - Exif

partition of Cats, s. t . t
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By the Mean blue Thin . I tie Gi -i.Xi) s - t
.

Sais alxi) - akin) - a' spin
Xi - Xi -I

Note that, setting M - sup Ifl'll and sie fei- i. xD, then :xela.by
"

-
④

N U

{ flsi) Sai = Effi) a' fti)g×,
↳

Hail- a'Gitai se
n' =L i =L

I flsilsai - ⇐ flsildlsilsxn.IE/EflsiYaYtitHsiDBxi/
EM . E



In particular ,

¥
,

flsilsai E VIP, ta ') + Me

Since sie Gi - i , Xi) can be chosen arbitrarily , it follows that

VIP
, f. a) E VIP , fat t Me .

Reversing roles in the ek.ve
,

VIP, fa
' ) s VIP, f. a) t ME

Altogether : ftp.f.a/-UlBfaD/f ME
The above remains true for ale refinements of P, so

I Taborda - Jabflxlayxldx ) c- Me .

Since E>o was arbitrary , it follows that

Jab Ida = Jab flxkllxldx .

Repeating the above arguments for lower sums and lower

integrals . one arrives at fab fda - fabfkdxllxsdx .

This establishes that ft Rk)# fa' ER and Sabtdx -- Sebfkkkildx
in that case

. D



Chageofneriobdesformulethm
. Suppose y :[A.B) → Lab) is strictly increasing and

continuous
;
a :[a ,b] - IR monotonically increasing and

f :[aib) - IR is Rs .

- int . w.r.to ,
i.e
, ft RH) . f

Let p :[AB) -
R and 4-

g. CAB]
- R be defined : ¥⇒ ¥7 RV

plgtxhelyi) #

841=11441)
g

Then geR(p) and tag dp -- fabfdx .

Pt: To each partition R-lxoz.ae . . . Exif of Ceb)

corresponds a partition f- Igo eye . . - Eyal of CAB] ,
via Ylgi) - xi . All partitions of CAB) can be obtained

in this way , since Y is increasing .

The values assumed

by f and g
in corresponding intervals of the

partitions Pond Q are the same :

f( Exit . xiD-gkyi-i.si ])
Therefore : Ula , g. p) - VIP, f. a)

( (dig ,p) - UP, fix)



Since FERG) , both VIP . ha) and Ilkka) can be

made arbitrarily close to ffdx ,
hence also

Uld , g. p) and 40
, g ,p) can be made arbitrarily close

to it . Thus getup) and f.no?gdp--fabfda .

↳

Corollary : Taking Nxt - x , we have ply ) - 49411=94 ) :

tfyte Ran CAB) , then fabflxldx =/! the 9%14
Recall this is exactly the X#
formula used in

"

n-substitution " : Jfdy JAB gdpdIIY%dg Sabtlxldx - £9144119 'Hdy .

a

Integration and Differentiation-

Thin. Let f. Cab)- R be them
.

- integrable , i.e . ft R
,
and define

F :[a.b) - R
,

Flxtfafltldt
Then F is continuous on Laib)

,
and if f is out . at xoefe.by

then F' (Xo) - flxo) .

PI. Let MEIR best . If KHEM for all telaib) .
If

asxcy Eb ,
then

I fly) - flxH-ffabfltldt-fafttldtf-ffxfltldtIEM.ly#
< E



Given E > o
,

we have IFK) - thats E if Ix -gk Elm .

Therefore F- is continuous (actually naif . cont) .
Suppose f is cont

.

at x. Eca ,b)
,
then He > o 38> cost .

It - xolcs ⇒ Ifft) - flail se .

If Xo-Scs Exostcxotf and a Escteb
,
then

t.ci# -*

ax.- S S Xo t Xotf b

FHfI = ( Satsuma - Sassman)
- -

Fft) Ffs)

= f !flHd2
Mmm

"

/FHf7 - flxdf.fi#fsecad3)-flxd/
→

flxotfsfgtlx.dz =/ # f! l - fled)d3/
-

< s
< t.lt -f. E = E

.t -s

Hence #
'
Ix.) - flxo) . D



Fundamental theorem of Calculus :

-

The . If f :[a.b) → IR is Riem
.

- integrable (fer) and if
FF :[a ,b3 - IR differentiable sit

. F'A) e- ftp.V-xecaibJ,
then gab d×= Fcb)- Fla)

PI: let E > o be given , and choose a partition
F- Ixosxse .

. - Earl of fab] sat
.

UCP , f) - UP, f) se .

By the Mean Value than. Fti Ekin , Xi ]

Ffxi) - Flxi -D - F' Iti) (xo - xn) Tite
L- a=XoX ' Xz Xs ×u=b

f- (ti) Dxi

Thus telescopic sum

€ fttildxi-fflxil-flxi.DE/Ffb) - Fla)
For the E> o given above, since U(Rt) - LIBI) CE, we have

I i.fltilsxi - fab flxldx) SE
By triangle in't ' yes, - ftp.fafkddx/LE

\

Since 00 was arbitrary, it follows : fabflxldx - HH - Fla) . D



IntegretionbyP.at#

The . Suppose F. G : Cab]- IR are differentiable
,
and

F
'
-

- f E R and G
'

=g ER .

Then

fab Ffxlglxldx = Flb) Glbt - Fla) Gla) - fab Gkldx
-

FLAG lab
PL: Set Hlxtffx) Glx) and apply the previous

result :

htt = H' Kk f' MGK) t FA) G' Cx)
= ffx) Glxltfhdgfx) ER .

FRFR FRFR
So fbahlxldx = Hlb) - Hla) .

i. e

-
S!Flxlglxldxtfaflxl Glxldx = Flb) Gtb) - Fla) Gla)--

Hlb) Hla)
i.e . fabflxlglxldx = f- (b) Glbt - flat Gla) - fab fadGlxldx .

aF
'

duteous, f : Caio) → 1124 define

fab f da = (f! f. da , fab fzdx , - - yfabfxda) , where f - (fifa , . . ..
i. e.
, proceed coordinate

- by - coordinate .


