
MAT320 Lecture 18 11/2/2020

"Meenvalvethuiforderivak.ve# Jfk) that are differentiable
but f' Cx) could have some

discontinuities
. . .

Them . Suppose f :[aid -R is € . .

fan .
sink :{ ¥:differentiable and

f' (a) sac f' Cb)

Then ZxE(a. b) s .t . 144=1 .

Pt: let glt) - fit) - It .

Then g 'll ) - f' Al - X so gyatso;
hence gltssgla) for some talents) ' gkyf¥÷9Also g' (b) so , hence gctz)cg(b) for t.EE
some Tze (a.b) . Thus g attains its minimum at some

X C- (at)
.

Since g is differentiable , g'(x) =D , ie ..fYxI=1 .

Care. If f:[a.b) → R is differentiable, then
a

f
' does not have discontinuities of first kind

(
"

jumps
")

÷÷:* ideas:*: ¥.
Second kind



LHospital.sk# c- Actually obtained by Bernoulli

them. Suppose fig :(a. b) - IR are differentiable, ghetto for
all xelaib), and - • ⇐ a ab Eta . Suppose

him HI = A f-*Aeta)
x → a gal

If b.ya fkn - o and ¥aglxI=o ,

then ¥Efgf¥=A .

Pt: Suppose - a EAC to .

Choose of EIR s -t . Acf; then
choose r EIR s -

t . As ref . ¥41,
,## to

since by
. fI, = A , 3- celeb) a r f

s- t ' tg÷Yf, er if xefac) .

If acxcyac ,
then by the

"

Generalized
"

Mean Vahethm

(Video 6 of Lecture 17) , It c- (x. y) st .

(fk) - fly)) gift) - (glx)-gal)fYt) .
" e . tgyjfgy-fttlgrbktela.cl .gilt )



Since terra flx) - o and ffzgk.to , debug x-sa
in the above gives :

flat

guy
E req Lacy - c)

Analogously , if - OCA ⇐ to end p is such thot

pc A
,
then Ic

' EIR
s. t .

#¥ feel
P A P ¥ (a exact)

Therefore ×bI
, fgY÷, = A .

Derivativesofhigherorder .

f-m> f
'
- f

"
-s f

' "
→ - . . → f'

"

→ - .

Since the derivative fyx) of a differentiable function fix)
might not be differentiable

at all points, the domains

of successive derivatives might be smaller than its

predecessors :

Dom f D Dom f ' > Dom f " 3 - - -

- inT
where f is

where f
'
is

differentiable differentiable



Teylorsth.org
Suppose flxl is differentiable n times on [a. b] .

Fix Xo C- (ads) , then

flxoltflkollq-xdtf.LI?lq-xo5+tIsYdlq-xoPt---ttI!iIcq.⇒"
is a polynomial of degree u in Ig . (Xo is fixed !)
It has the same derivatives as fled at x -o .

them . Suppose f :[a.D → IR is differentiable n times

on laib) and fth" is continuous on Cab] .

Let asf
be different points in [a.b) and

"

exo
"

N- t
f gag

← Polynomial of

PHI - E
*
ft -a

" ( dineen.tn?oseet)X--
0

Then there exists x c- (ap) s- t .

ftp.pcptthn.YIlp-I
Prod. Let MEIR be st

. @ =ftp.II/ffD=Plp7tMfp-I
to



We want to show M= f'" (x)
in

for some xefxip) .

Define glt) - flt) - Plt) - Mft - gu , act ⇐ b
.

then g" ft) - f" ft) - P'" H) - Min !
-

If ← degree P - n -t .

g" It) - f" ft) - n ! M - o ⇐ M= f*n¥
thus

,
we went to show that ZXE Kp) st . g

"
so

.

Since P"kI=f*%÷÷g÷&%.net:9#9ayrstn.y
.

for K = 0,42 , - - s n - 1,
we have :

gla) =g4d=g" G) = . .- ga
- " Cd -- o .

Given our choice of M, we have that gfp )=o
By the Mean Valve then

,
Fxs c- Cap)

s -t . g' Cx .) - o .

Since flat - o
we conclude that g

" 1×4=0 for ×
.

some Xze ( x , xD, again by the Mean Valve Them
.

Proceeding in the same way , after a steps, we



find Xs
,
Xz
, Xs , - - -

Xu
, X×E (x, Xx- e)

and §" (Xx) =D
,

K - 2,3, . . . , n .

For K - n
.

§" (xn) =0 ,
Xue Ki Xu -Dc (x, p) .

This gives our x - xn s -
t
. gHlxl=o . a

Upshot : Any function f:[a.b) → IR which is differentiate
n times can be approximated by a polynomial
( "Taylor polynomial

") of degree n . pa
,

HA
x)

ite't. . i¥Xo
Xo of degrees is

tangent line to fix) Taylor polynomialsat x - Xo R, (x) are thePdx) . flxdtf 'KD6 - Xo) falsest linear approx. " ) best Kth degree
approx . of fled at

X = Xo



Derivatives of Vector - valued functions .

-

f:[a.b) → R
"

¥7
Htt

Def: we say f :[a.b) → IR" is differentiable at xe Caitiff

tin 447792 - Ff - o1-→ x

for some THR
"
.
We write f' (x) - J.

•To compute derivatives
,
one can proceed coordinate -by -

coordinate

f :[a.b)→ IR "
.

fftl-ff.CH
, felt) . . - > facts)

ffytl-ffiltl.fi#,--.,faCtI)
• The main result which is different for vector - valued
functions is the Mean Vote theorem :

M.V.TL: f :[at] - R court . , diff . ou (a. b) , then Fxecqb)
s .t . flbl - flat - f' G) (b - a)

Example : f :[or → 1122
. fft) -- fast , sent)=eit
little f- sent , cost) e- iet



If ' HH -- Etta't =L .

LHS : flat) - flo) = (40) - ( 1,0) ← Coco)

ltkh-flox-%dd.FYT.dog.mn?wh;.ed
RHS : If' 1=1

,

12*-01=2it , If 'll) ( 2*-04--22
For ka2

,
the replacement for MVT is :

theorem . If f :[a.b) → R" out
.

,
differentiable onkcbl

,

then FXE (a.b) s.fi/flbI-flaYE(b-a)1fYx)l .


