
MAT320 Lecture 17 10/28/2020

Derivatives
-

Definition . If f :[a.b) → IR
,

then we define

fltl - ffx)
f
' Ix) = line -

t → x t - x

for all x E Caio] such that the above limit exists .

We say that f
is differmh.ae at x c- lab] if

f' Ix) exists; and differentiable on Ec [a.b] if

flfx) exists for all x EE .

Rink: If f :[a ,b) → IR , then f car (at most) be

differentiable on E - la , b) ; since f Ya)
and f'(b)

cannot exist since f is only defined
"to one side

"

b

Thin . If f. Cab) → R is differentiable at xe[aid
,

then f is continuous at x .

Pt: As t → x
,

*a. e'
- ran .o=;t -x



Rink: Converse doesnt hold ! a
Heath

fly -- txt is continuous at all xHR

but it is not differentiable at ⇐o

#
n

fHIf=lH÷=¥={
' 'ft"#-I iftco

¥ HE
--i

t - O

Sum,Product,Quotieut"Ru
Thin . Suppose f. g .

. [a.b) → R are differentiable et x .

Then ftg , f - g , Hg are differentiable at x and

a) (ftg)
'

(x) = f' tgllx)

b) (f. g) ' (x) -- fllxlglxltfkdgllxl

c) (Ig)
' 1×1=84714×7-94%412 ( gtfo)

g4x)

Pt: a) (ftgp =

him HtSHHtsl =+→ x

=ftHtsItH*s¥efYIf+s¥Y



= fine
,

f"IH + £Y×sH¥ = Skits ' Cx) .

b) Let htt) = (f. g) HI . Using basic algebra

Htt-htt fft) ( gut -gu) tgcx) (IH - fad)
¥ t Fx ¥

tsx

f ft
g. ¥, gkn fix,h' (x) -- ( fg)

'
Ix)

c) Now WH - #ft) . Using basic algebra :

"
. fossa - s±ss)

.

ti f g
d

Whit
'

k) I
pyx, g' Cx)

g4x) I

Remain .- Applying the above rules repeatedly , one finds ;

f (x) -- x
"

→ f 'H=nxn
-1

Using this, can compute the derivative of any polynomial
and any rational function-



chair i¥¥¥dTgcsiDeR
them . Suppose f :[a.b) → R is continuous , aid fad exists at

some xefaib) . Suppose f. ( Ca ,b3)c[c.d) end g :[ c. d)→ IR

is differentiable at fld . Then hlttgffftl) is differentiable
at x and h' (x) -- gYf(xD . f' Ix) .

Pt. Let y .- fix) . Since f is diff . at x,
and g is deff . at feud,

f. HI - fled - ft - x) ( file) tutti) wheretefe.HU/tl-soastsxglsl-gCyl--(s-y)(gKyItvls))whereseGd3
,
VCs) - o es s→y

Let s - felt) , using the above :

htt) - hlx) = glfltl) - gifted )
T T

- Hft-1,4164¥) tulsi)
=ft-x)lf'ktu ( gyfun) tulsi)

if ttx,

Htt - hkd
= ( fkdtultffgtflxhtvfsD-sfkxl.gl feet)

+ → x h
! egfofyfx)

to s→y
-

-
Hsiao D



× fix)"

:*:c :* : :::
- X

f) He = I . sin I + x cost . f-⇒
= sin I - f- cost . if x#o .

f' lol does not exist : I
''In .

.

t;± . . ..
.

#
has no limit as too .

/ XZ

iii.go.in :
i

:*:
"

""

/ i

r

'

? - x
'

f' txt 2x sin ¥ tx cost f-⇒ i

= 2x sin Ix - cos I . if x to .

fHf7=tsif = tsing has a hunt at→o
(by squeeze them) .



to
=
O

.

So this fix) isfl (of fin f "
- f"

differentiable everywhere .
But ,

f) (x) . {odxsintx
- as I if x¢o

if x - o

so f' ( x) is not continuous at x - o!

localmaxc.me/#inimaDef:fiX-slRhosalocalmex-atpeX if IS>o
s .

t
. if of EX

and dlpiq) CS , then f (g) ⇐ fcp)

''
''

I:÷
them . If f:[a. b) → IR has a do

at xe[aid

and f' Ix) exists , then f
' (x) -- o .

t

PI: Take so sit . (x-Sixt) c Laib) attics
and note :

if * Ix-six? then fHt7 7,0 ⇒fit"I7 so



if * efx , xts) , then fh so ⇒ ¥×!¥f so
Since f

' Ix) exists
,
both the above lateral limits exist and

are equal to one another
.

Therefore both equal 0,
and hence fllx) to .

0

Remarks : :-# an
.

timeout :c.nl?..IRxe7a.s,"

awgittio.it being differentiable

Meauvabetheonemsthm
.
If f. g :[a.b) → IR are continuous on Carb] and

differentiable on (a.b) . then Ix Ela ,b) s. t .

fflbl - flat)gYx) = (g Cbl - glad f 't)
Pt: Let h:[a.b) → IR

htt - (fth - flat)g It) - Glbt -glad Ict )

By hypotheses of fig, his coat . on G. b) and diff . on laid .

Moreover hlatfflbt- flat)gCal - $8 flat - Kb)



If htt is constant, then WHIO
,

for all t , so let xelaib) hath"

be any point . :
t

If htt) is not constant
,
then Fte (a.b) s -

t . htt) > hca)
.

Since h is continuous and [aid is compact, there exists

a global Max . xefaib] for h . By theorem above
,

h ' Ix) - o; i.e
. fflb) - flat)gYx) - (g Cbl - gloat)f4x)=o.

If , instead , Ftc Caio] sit . hltkhla) . Following the

same reasoning as above , Here exists a global Min
XE Caio] for h, and

,
as before h

'
G) =o. 0

Corollary . If f:[a.b) → IR is continuous on Laib) and

differentiable on (aid , then Fxelacb) sit .

←fyxzflbl-flayflbl-f.la/=fllx) ( b - a)
- bye
m

Pti Take glx) ex in the Theorem above
.

D

Coty : tf f :(a'b) → R is differentiable)a) fyxlxoitxelaid ⇒ fkl 'i'sniffing '

flat
b) f'Heo , # xe laid ⇒ fly) is constant

'

x

c) f ' (x) EO ,

Vx C- (ab) ⇒ fad is monotone
decreasing .



Pt: Take agony Xd ,xeE(aid , Xkxz and use that

fled - flat - ( xz - xD . f) (x)

for some XECX , ,xz) . D


