
MAT320 Lecture 16 10/26/2020

Discontinuities .

-

Def: A function f : X -s Y is discontinuous at * X if it
-

fan
is not continuous at XEX

.

coutiuuousatx-i.VE> o IS > o set
.

Os dfx, p) as ⇒ dlflx) , FCPDCE .

Not coutinuousatx :
FE > o VS >o

Os dfx ,p)c8 → dlflx) , ffp)) ZE . .fm

Ded:(Lateral limits) .

Let f :(a. b)→ y be

a function .

Then given p c- (a. b) ,

freight) dim fed - ftp.7-qc-pii
x→p+

a b

if f( xn) → f for all sequences Hnl in (p , b)
s. t . Xu→ p . Analogously for left limits :

xhjnp
-

IH - ftp.)
↳ f- - - -q¥Y¥
- L , - - - - - o

'

In the picture: in .

xlizp.tk) - La . hi:p- fl" - La #t,



Read: lying fly exists if and only if both

lateral limits
exist and

ftp.fl" = I:p that .

Discoutinuitiesofforstardsecou.lk#

Det. We say f
has a discontinuity of firsthand

at c- (a.b) if f is discontinuous at p but the

lateral limits ¥2
,

flx) and If
,

fix) exist.

If f is discontinuous at p , and (at least one of)

the lateral limits does not exist then we say

the discontinuity is of secondhand .

Examples
-

?

e) f :D → [oil]
Since Q and Rick are

flx) - { 1 if XE
both dense in IR

o if x¢
9 y

'"

→
P

His function fld is discontinuous at all per.
.

Since node of the lateral limits exist at any path,
these discontinuities are of second kind
-



2) f : IR - IR . continuous at x -o ,

fled . / X if it discontinuous at all other

0 if x¢Q
points

• The above discontinuities are

of second kind
-

Exercise : Write details of these claims using sequence!

( Remember : Vp EIR , If Xu )
, Ign ) sequences w/ Xu- P ,

Yu- p band Xue , VUEIN, gu EIRIQ , th EIN)
D

=

x if * Lab III
I|xts if * HD t¥111k¥ '
l

This function is continuous e

on [0,231413 and discontinuous at p -- 1. This

discontinuity is of first hand :

III.
+

fl"-2 , fess.tk - L .

Definition : We say f:(a.b) → IR
is

mouotouicollyincreeayifas xcycb ⇒ flx) Effy); similarly , it is

mouotouicollydecrenmg if asxcyeb ⇒ fix)> fly)
.

A function f is monotonic if it is either of the above
.



Thuy . Let f : (a.b) → IR be monotonically increasing .

Then its lateral limits exist at all xeca.bg
,
and

sup fltl-thI.HHEfkebfgqfltlq.int, flt)
n

"

"' ¥::c: ÷
.

..

(Anardgous statement holds for monotonically decreasing

functions; e.g. , replace fcx) by - fled
in statement.

Corollary . Monotonic functions do not have

discontinuities of the second kind .

Proof. Since f is monotonic, the set

IHH : actors
is bounded from above

, e. g., by FCK) . Therefore,
it has a least upper bound:

A : - sup Ifk) : aetcxf-aqpa.tk)
-



Em : diff" -A I
Given E> o

,
since A is the least

÷.sn
( A

upper bound
,
3870 s

-

t
, a < x - fax axes

and A - E C f (x- 8) E A .

Since f is monotonic,
iucreonig

Ice- f) E felt) EA for all x- S- tax

combining the above : A -Kfa-S)EfHEA
-← flu - AEOCE

x-Sats × ⇒ ITH - Al CE Hai -Ake .

The above means precisely that the;n*fH=A .

Similarly , one uses the exact same procedure to show

¥n×+fH Iff, Htt . Finally , given acxcycb,

from the above the;n×+fH iyfbfttl - if flt)*tag
n

Analogously , thy,fH= up fit) - sp flt)
actcg xctg

proving the loot part of the statement . Ly



Corollary : The set of discontinuities of a monotone

function is countable
.

-

PI : Since a
monotonic function f only has

discontinuities of first hand
,
we can place

a rational number between the lateral Inuits

at every discontinuity
SKA

- - -

¥i¥÷÷¥¥÷
flx±I= bin IH)

text

Since f is monotonic, these rational
numbers are

all distinct
.

Therefore , the
set of discontinuities

of f is in 1- I correspondence with a
subset of

IQ ; hence
is countable .

I

Reward : Despite being countable
,
the discontinuities of

monotonic functions might accumulate
.



Given any
countable set Eck leg , E-8)

,

one can build a monotonic increasing function
f : IR → IR that is discontinuous at all points of E

but continuous everywhere else :

Say E =L Xn : MEIN ) =/ Xs, Xz, Xs , - - - I

Let lcnl be a seq . of positive real numbers sit.

NEIN - o; e.g , arent . Define

flx) = [ en

In : xusxf

Clearly flex) is mouot
. increasing, and

discant
.

at

every xn :

III.
+

f " - fin
.

Htt - on

and cont . (even locally constant) at every x¢E.



Infinite limits & limits at infinity
-

RI U ft of extended real line

Def: Hoek ,
the unbounded interval (c , ta) is

a neighborhood of to , and C- a. c) is a

neighborhood of - a .

-

t ,

←
extends or earlier definition -TMZ Cannon
of limits to include Ltd

.

Ded : Let f : Eck →R be a function .
We say

liu fft) = A
+→ x

where A
,
XEIRT

, if for every neighborhood U of A
there is a neighborhood V of x such that VA Eff
and flt) EU whenever TENA E)14×1 .

With the above definition, one can rigorously deal
with burnt at infinity (x -- to) and/or infinite
limits (A = to) . It also

, of course
,
matches our

earlier def . for real numbers
.

Examples : ftp.st# =L , ¥→e× - O, - . .



Thnx: Let f. g : EUR
→ R and suppose

they fltt A , thy gut - B .

where x. A. BEI . Then

i ) thing fltl = A
' then A'=A (uniqueness)

til ¥n× (ftg) It) = At B

Ciii) tix (f -g) A) = A. B

" HI
,

Itt Fs

provided the right-hand side of the above is

well - defined .

Record : ta - a÷÷÷÷⇐÷÷÷÷÷÷÷.if c > o

-
-
.


