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Ded : A mop f : E → (Xd) is bounded if there

exists MEIR St . FCE) - hxex : x -

- ffp)
,
peel satisfies

FCE) c Bmlxo) for some x.EX
;

" e
's d( ftp.xDLM.V-PEE .

That. If f : X- Y is continuous, and X is compact,
then FIX) is compact .

Pdi. Let Yal be an open cover of flx) . By a theorem

from last lecture ( Lecture 14. Video 6) , the prannges

f-
' (Va) CX are open . Now, since X is compact

and XC µ f-
' (Va)

,

there exists a fruiterer

i. e,
there exist as , - . -, an

St .

Xc f-
' Nadu . . . - offs)

since f( f- ' ( EDCE , by the above , we have

¥¥f flxktleilv.su . . . - offs))
C Vasu . . . Uku .



This is a finite svbcouer of Hk! proving that SKY
is compact , I

Recall the Heine - Borel theorem ( Lecture 6 , Video 1) :

Ec R" is compete ⇐ Eck
"

is dosedaidbouuded
continuous

Core : If f:X- R"Vad X is compact, then

f(X) CIR" is closed and bounded
.

In particular, if 4=1 , we have :

If f :X → IR is continuous and X is compact, then

Fp , fell such that

flip) - ¥4 th) ftp.xinffcd .

RTf yep FCK) flop
Global GlobalMex
min is is achieved
achieved

The. If f :X→ Y is continuous and injective, and X is compact,
then the inverse mop f-

' if# X defined by

f-
' ( fan) - x , x ex

is a continuous mop .



PI: By a result of loot lecture ( Lecture 14 , Video 6),
it suffices to show that flu) is open in Y whenever

Vc X is open . Given VCX open, VIXIV is closed

in the compact metric space X, hence V' is compact .
Now

, by theorem above (Video 1 of today !) , f(ve) is

compact . Since flu)=f(X) ) ffv) because f is

injective, we have that far) is the complement of
a closed set

;
o.e
, fly is open; as

desired .

Uuiformcontinuity

Ddi f :X → Y is uniformlycouh.no if the >o

F 870 s- t .

dfp.gr) < 8 → dylflp) , flop) CE .

Remain .

. The above is (strictly) stronger than saying f :X-Y

is continuous : the choice of 8 must work everywhere
without reference to any point of

the domain .

f :R→R ex I ← E> o
EI: fled - e

it
. . . -i ← Saoisnt unit . cont .



theorem . If f : X- Y is continuous and X is compact,
then f :X- Y is uniformly continuous.

Pt: Given E> o
,
since f is continuous

, for each PEX,
3- Xcp) > o s- t .
- ⑧

"

the
"

s
f f EX, dxlpq) Cp) ⇒ dy(ftp.fcqi) <Ez

that works

for continuity Let Jcp) - Iq EX : dxlp, f) a Mad ! noteat that pex

p e Jlp),
and Jlp) is open in X,

so

U Jlp) =X , so { Slp)fp⇐× is an open cover of X .

EX

Since X is compact, there exists a finite sub cover :
Jlpz)

Xc Jfps) U . . - U Jlpn)
Ipn)

get 8 := Lamin ) 011ps) , . - 741PM
yeong finitely
many spit .

Let's verify that the above 8 works to prove uniform

continuity of f:X- Y .

Given pig EX , d,fp, g) CS , we know ZMEIN , IE men

set . pEJ(pm) , i.e
, dxlp , pm) c { 011pm) .



We also have

dxfqpmkdxlp.gr) + ftp.pmcftdtgdsokpm)
Is Tim

So , by ④ wehave

dy( ftp.flqDEdylflphflpmftdylflpmhflfl)
& Ea t f- - E .

This establishes army. continuity of f :X → Y . e

Fss is req on all of the above results :

Suppose ECR is most compact : E is unbounded

f or

Heine - Bored E is not closed

1
. Example of f:EdR→R continuous which is noted .

• If E is bounded and not closed : then FXOEIR

a limit point of E s ! .

Xo X# E

Take f : E → IR, SCH -¥
f is continuous and unbounded : Ifk) ) Mt • if X- Xo .



• If E is unbounded
, just take flax .

2. Example of fi, ECR - IR which is continuous and

bounded but f has no maximum .

• If E is bounded and not closed : then FXOEIR

a limit point of E s ! .

Xo x# E . Take f : ECR-R

f = is continuous

HEIR
,
O Eflx) E 1 so f is bounded

;
clearly

sup IH =L but flx) CI because Xo¢E.

XEE

• If E is unbounded
,
then take flx) =

It XZ
.

Then f is continuous
,
Of fixed , AxeR ,

sup fled =L; but flds I, Fx EE .

XEE Tbk tweet
Txt "
fled
→
I



Continuity and Connectedness
-

±#
theorem : Df f :X- Y is continuous and ECX is connected

,

then f(E) is connected .

Pt: By contradiction , suppose flE) = AUB where

A. Bc y are separated . Let G - Ehf
- ' (A) and

He Ehf
- ' (B) .

Then E = GUM and Gtd , HH.

Since ACA
,

we have G Cf
- ' (A) Cf

-' CA)
.

Since f is continuous, f-
' ( F) is closed .

Therefore,

G- c f-
' ( A)

,

i. e , FCE) CA .

We have

f (H) - B and IAB -4 (bk AB ore separated), so

G- AH e- ol . Reversing roles of G. H and AIB , one

arrives at the conclusion that GntT=o . But

E=G UH is connected
,
so this cannot hopen . a



Corollary :( " Intermediate Valve theorem
") . If f :[a.b) SIR

is continuous, t " 't" ' "- I!¥÷÷i¥!for all c EIR , fla) Ecefcb) ,
there exists xefais) sit

. fade .↳
PI: By a theorem we have seen before

b

( Lecture 6 . Video 5), the connected subsets

of HR are intervals . By the theorem above
,

f( [a ,b3) CIR is connected, therefore , it is

4 an interval , so any
car

connected with flakes fcb) is

also a member of f( Could,
that is

, of the form csflx)

for some X EG,
b] . Ey

Reinert: Can use this to solve complicated

equations without doing any algebra?

(check HW5 for an example . -)


