
MAT 320 Lecture to 9/30/2020

Specious
Recall :

Squeezethm: If an Ebu Ecn are sequences of real
numbers
,

s -
t . an → L and cu- L , then bu → L .
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Pd: Since an- L and cu- L , Lf.÷÷;HE> O F N ,
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kN ⇒ Ian-LICE o an

⇐ L - ← an < Ltc M

n > M ⇒ Icu - LICE

⇐ L- ECCNCLTE @I



From 47
, (2) and an E bus Cn

,
we have

; for
us, Max IM .WS , that ;

H @ l

L- Esau Ebu Ecn L LTE
.

⇒ Ibn - LICE .

This
, by def . , means that bn→L .

o

Thug: (a) Ifp so ,

then http → 0
All of
these are

(b) If Paso , then Tp - I } as u -a
.

(e)
"rn- I

(d) If pso.ae/R.yIpI,n - o !



(e) If lxlc I , then x
"
→ o)

Pt: (a) Given E> o
,
take NEIN sat . N > (et)
-

← Exists by the

Now if n> N , then
Archimedean prop .

I f-p - o ) = ut s Ntp - E .

(b) It . set bn -Tp- I . Use the

Squeeze Thru with an Eo , bn as above
,
and cu as

The Binomial thifxtst-E.MX



It (d) bn c- (Itbnjn = (I tip- Dn =
"

=p .

-

11

It nbn
⇒ It n bus p

So we get : Oc bus b

"
an Hn Hn

letting en - kind , by the squeeze 1hm, since An- o
,

Ch→ o ( by a) , we have that bn→ o
.

The ease

p =L is obvious, the case pad can be reduced to the abovezt.gg?
c) Let bn : = in -1 .> o , and , by the Binomial thin;

n=CrnT=(It bn)
"

> (2) but -NII but



⇒ I > MII but ⇒ bn EYE =: cu
n-1

So letting auto , bn as above and cn=(# ,
by the Squeeze Them

,
since an→ o

, an → o Aya!
we have that also bn -o

.

d) Let KEIN s -
t
.
K >x .

For h > 2K , then :

Binominal

(Itp)
" } (1) pk n ! ph's KIT . .-n u

=
-
- p

HH! K ! K !

mis : > ⇐i÷m=÷÷÷::÷n
"

j - o, -→ K -t

( Ks Ya)
ftp.T - o



From the above
,

*÷÷n÷:÷÷
.

•

K >x ⇒ a - K so

-

en Inga→ °

By the Squeeze tem , with an E bus an as above
,
since

An→o, cu → o ,
we have bn → g.

as dented
.

e) Follows from previous item d) , by setting X - o,
x - ¥p ; then x

"
= ¥py=¢h÷,n → o

-

o



Series :
"

sum of odd elements haul in a sequence
"
.

+a

[An = a 1 t Az t - . - t an t - - -

a-I
n

Portialsvms : Sn = [ ah,← These sequence
K
-

- I hug !

Ss = as
S2 = at the
53=91 that Az

;
Su = as t -

. .

- - - t an

Dot: [ an is identified with the sequence hsnf . .
[an Corvey to L if and only if Su→ L

.



( write Eau =L) . Similarly Eau diverges if Ruf
diverges .

Cauchycouvergeuatheorem: Eau converges if and

only if HE>O FNEIN set . if Msu > N
,
then

III. Ice .

Pt: Ink , sequences are convergent if and only if they
are Cauchy .

Note that

Ism - Sn-11=1t - - -ta#tant - - - term) - (aft - - - tan))
- -

Sm Sn -I



- tenant . a

Corn: If Eau converges , then lanl→ 0.7
PI : Take men in the above : "MIe¥

Isn - Su- if =/ ant .

Note : The converse is FALSE: an = In → 0

but §
,

In = t x (harmonic series)



Courporisoutest

Thin a) If lantern for u> No , and Ecn converges,

then Eau converges .

b) If an> du > o for h> No and { du diverges,
then [ an diverges .

Pt: a) Given Eso
,
there exists NEIN

s .t . if m>u>N

1€74 se (by Cauchy Guv
.
tha) .

then

:*:p.in?E:i::ie.Ena.ce



Again , by the Cauchy low .

Thu
,
we have Ean converges .

b) is a consequence of a) : If Eau converges ,
then apply a) , and conclude that Edu must also

converge ( contradiction) .

D

Geometries

II. in = ¥ if xE[0.1)

II. x" diverges otherwise
,
ie, if x¢[at) .

Pee. If xte.am 4 74 -d
Su

= I- xntl



Sn - E. ×" = t Es ¥ if xeloi) .

If x - I :
Sn - ¥01 = htt → to as n -7 a .

Bourse. Why
"

Geometric " series ?

"

i:÷÷÷÷÷÷:÷÷÷÷:÷
.



Thin : Suppose as > Azz . - . > an> - - - 30 .

Then

ntffan converges if and only if €12" aan = as t2azt4a¥ - - -

converges .

Note :

⇐ an = a②ta②tata④tata⑧t - - - t a④t - - .

÷:*. ii. tie
-

+444 t 8dg t 16 as, t - - -

Pfe. Partial sums '
n

Su = Aft Azt -
- - tan = E a

KEI
K

th = as t Raz t - - -t 2
"
a,

= E 25%8
5=0



Note that b/c an> 0, the sequences Bul and Stu}
are monotonically increasing .

Thus
, they converge

if and only if they are bounded
.
So
,
to prove

thru
,
it suffices to show that :

claim Isaf is bounded ⇐ Hnl is bounded .

-

=

For u < 2
"

Su = Azt Azt - - - tan

£ ad tfaztaz) - - - tant - - tfaznt - - - tazkti, 1)
I -
-E as + Laz t - - - t 2

"

are = t-

-
K

'



Similarly , if u > 2
" then

Su = as t - - - t Azn, t - - - tan

> Adt -
- - t Aza

= Az t Art (Az tag) t - - - t (aah,-4 , t - - - t Aza)
I l T T

7,12 As that 294 t - - - t 2×-1 Azn,
= Ith,
2

So it follows that Sn > It. . Altogether .-

n L 2
"
⇒ Sn E tix ; n>2

"

⇒ Lsu > tix .



This proves the Claim that {Snf is bounded

if and only if 4th is bounded
. ①

Application:
"

p - series
"

them : Ent converges if p > I

diverges if psd

Pt : If PEO ,
then Enter diverges by the

"

nth term

test "
. If pso ,

then we may apply the

previous them
,

because

Inf 7¥77 nip > - - -
30

.



Thus
, by the Thun above

,

giant universes ⇐ t.E.sn" "Y
⇒

Ht X- 2
a

E x" is a

⇐ X=2t
-

Psy Keo

geometric series
⇐ p > L w/ x=2
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'
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"

fan . #← Ya:E¥ 'd ski .
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pas is the [ NIP a • ⇐ p > I
"

boundary
" { q q = + • ( harmonic series)between

convergence &

divergence .

Q : Can we

"

modify
"

the denom
. of hormone series

to
"
make it " converge ?

N

Et
M- I

N

E: It will work if we insert any (positive)
power of n , but

can we add instead

something that decays slower ?



Yes !
N

[ 1- converges if p > I

M -2
Mflogn)P
I diverges otherwise

dog :=ln
is the logarithm By Thon above w/ powers of 2 :

in base e .

(log e - d) An =÷yp ' Ack - z¥egzgp=¥W
Einen, - - ⇐

'

Eisen. . .E. " -

V

n to t
(F E KP

KEI



⇐ pass (by the p - series)

Repeating the same reasoning :

to

⇐ ¥µgegny-p < to ⇐ past .

Upshot : There is no

" natural boundary
"
on

the rates

of decay for an that corresponds to

convergence of Ean -


