
MAT 320 Lecture I 8/26/2020

Nurnberg: . Natural numbers IN : 1,213,4
,
- . .

• Integer numbers I :
. . -

,
-3

,
-2
,-1,0 , I

,
2,3 , - . .

• Rational numbers Q : numbers that can be

expressed as an irreducible fraction mln ;
where min EI , n fo .

}
! Real numbers R
#

Ii Can you find a rational number strictly between any
two

given rational numbers ? ×#
✓ x. yeah ,

FEED .

X< Ze y , e.g. , take z - XII e .



I: Are
" all numbers " between x. ye also rational ?

I : No
, e.g ,

there exists no national number ze

f.missing !such that 2-2=2
. #

It : Suppose , by contradiction
,
that Zz I 7*9.2=2?

Then z = Mln , where Min c-I
,
n to end

on
,
u share no common prime factors .

2=2-2 .

- m%z ⇒
m2=2nZ

⇒ m2 is even . ⇒ M is even ⇒ m2 is divisible by 4.

⇒ 2n2=m' is also divisible by 4 .

⇒ NZ is divisible by 2 ⇒ n is even . Contradiction



Least upper bound/ Largest lower bound might not exist in .

#¥
A := f x ER : x's 2 )
B : = f ye Q : if > 23 Ill

"?rj←
Claim : A has no least upper bound in B .

Pt: Choose p EA .

We will find q EA , s . t
. f > p .

Let
q =p - Mpa= ftp.EI = ' c- 0

p t 2
-

⇒ of > p .

Then
q
' -2--474114,1-2=44814-25-8/-82 =

p44p +4



=
Lp
'
- 4 f p c-A

⇒
=
HPI so crazy

( p -127
So 772 .

Thus
, of EA and q sp

as desired
. D

Orderedsets

Def : An order on a set S is a relation a ou S
,
s .

t
.

:

( t ) Vx
,yes one (and only one) of the following holds :

X ay , X=y , y ex

Iii) transitivity : thx,ya es : x c y , y cz ⇒ x ez .

Det: If (Sf) is an ordered set and ECS such that

F PES st . the E ,

X Ep .
then E is bamdedfrom-at.ve .



Defy: Suppose § ,
L) is an ordered set, ECS bounded from

above
, if Fa ES s- t .

( it x is an upper bound for E

(ti ) If yea ,
then j is not on upper bound for E

then a is called the least upper band of
E
,
also denoted

A = sup E.

←
"

supremum
"

( similarly , define largest lower bound for sets which are
bounded

from below
,

"

infimum
"

,
a = Inf E)

Exanpdesi E =3 In : MEIN ) = 41,12 , I, - - - J CQ
inf E = O IE E

sup E = I E E



Example. The set A -4 XEQ : Xk2) does not have

a sup in Q ; B =3 yea : y
'

> 2} does not have on

int in Q .

Definition An ordered set (s
,
a ) has theleast-upper-boundproperty-ifVECS.LI/0

,
E bounded from

above
,
the least upper bound sup E- exists in S

.

I : Does the least - upper- bound property line
.

,
existence of sep)

guarantee the analogous
"

largest - lower-band property " (existence of int) ?
I : Yes !

Thnx : Suppose $ ,
L) is an ordered set w/ leastupperbouud

property ,
BCS

, Bff , bounded from below
.

Let L be



the set of all lower bounds of B
,
a := sup L ES .

Then a = inf B .

Pt: B bounded from below ⇒ Let ¢
Abe B

,
b is an upper bound for L , so L is bounded

from above
,
so 3- A = sup L ES .

If 82 x , then j is not an upper bound for 4 .

So 8dB .

Thus
,
Fb EB

,
x Eb

;
that is a EL .

If a Cfb , then PHL since a is our upper bound

for L .

Altogether, we showed a - sup L EL , but fell if
p > x ; this means that a = inf B .

a



Fields
-

Def: A field is a set F with an addition

+ : Fxf - F and a multiplication x :F×f→F

satisfying the following axioms :

(A1) x,yEF , Xtyef
(AZ) Xtyaytx , fxytf
(A3) (Xty)tz = Xt Gtz , they , ZEF

(Atl) 3- OEF s.t. Ot x - x , FXEF

CAST VXEF F - XEF s - t
.
Xt C- x) - O

(M1) x. y EF .
x. yet



(M2) Xy = yx ,

V-xiyEFlM3lxyIz-xlyzI.ttxyizEF@4lZ9EFs.t
.

I fo and I .
X - x,
tx EF

(MST VXEF
,
x # O F IA EF s .

t
.
X . I - I

(D) xfytz) e- Xy + xz ,

Axis .
2- EF

Example: Q1 rational numbers

IR real numbers

¢ complex numbers} ( to be defined soon)

Det. An orderedfield is a field and an ordered set

s -t . xty s xtz N-x.y.zefs.tn . ycz



Xy so if x. y EF s -

t
.
x > o

, y > o .

wextlecture.IR will be defined as the (unique)
ordered field that has the least- upper- bound prop .


