MAT320/640, Fall 2020 Renato Ghini Bettiol

Homework Set 3

Dug: Oct 7, 2020 (VIA BLACKBOARD, BY 11.59pM)

To be handed in:
Please remember that all problems will be graded!

1. Decide if each of the statements below is true or false. If it is true, give a complete
proof; if it is false, give an explicit counter-example.

(a) If {x),} is a convergent sequence of real (or complex) numbers, then {|z,|} is
also convergent.

(b) If {|x,|} is a convergent sequence of real (or complex) numbers, then {z,} is
also convergent.

(c) If {z,} is a sequence of real (or complex) numbers that converges to 0, and
{yn} is a sequence of real numbers that diverges to 400, then the sequence
{zn yn} converges to 1.

(d) If {z,} is a sequence of real numbers that diverges to 400 and a € R, then

lim +/log (z, 4+ a) — \/logz, = 0
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2. Suppose {z,} is a Cauchy sequence in a metric space (X, d), with a subsequence
{zn, } that converges to = € X, i.e., z is a subsequential limit of {x,}. Prove that
{zn} converges to .
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3. Given a > 0, define a sequence {z,} of real numbers inductively by setting x; = —,
a
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(a) Is {zy} monotonic?
1
(b) Prove that {x,} converges to the unique real number L such that L = Py
a

i.e., the positive root of the equation z? + ax — 1 = 0.

Side note: Setting a = 1 in the above, the limit of the corresponding sequence {zy,}

is L = %, where ¢ = % = 1.618... is the so-called golden ratio.




