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x> —ax=0

» Easiest to find (trivial) solution: x =0

» Other ones?
. ifx#0,then x2—a=0,s0x==4ya (ifa>0)

» What if we only saw x = 07 What happens at a = 07
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f(a,x) = x> — ax

» Trivial solution: f(a,0) =0 forall a € R

» Special instant: a, =0
of
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Theorem (Crandall-Rabinowitz)

Suppose f(a,0) =0 for all a € R, and
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then a bifurcation branch issues at (a,,0).
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“Topological change in the
structure of a dynamical
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crosses a bifurcation value”

Parameter: a

Bifurcation value: a = a,

H. Poincaré



Bifurcation
270 H. Poincaré.

Il pourra dailleurs arriver qu’une méme forme d’équilibre appar-
tienne & la fois & deux ou plusicurs séries linéaires. Nous dirons alors
que c'est une forme de bifurcation. On peut en effet, pour une valeur
de y infiniment voisine de celle qui correspond a cette forme, trouver
deur formes d’équilibre qui différent infiniment peu de la forme de
bifurcation.

. ’ s . . . L) .
Tl nont arvriver Acalemant ane denv ebries lindairves de fnrmp_r.t dA’dami-

Avant de démontrer ce résultat général, donnons quelques exemples.
Soit:

I' == Ax} + éﬂ‘? — Yy — ayr,.
Il vient pour les équations d’équilibre:

z, = 0O, Ty = vy’ + ay
d’ou
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Euler's Buckling Problem (1757)

tel0,L]
x(t) = lateral deflection at t
[F;ﬁ] x(0) = x(L) = 0 (pinned ends)
E = elasticity constant
t[ a= load (parameter)
d®>x  a
. ae TeX 0
A
I | f(a,x)

f(a,0)=0forallae R
x(t) = Asin(At) + Bcos(\t), = \/%
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nmt
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there is no buckling:
only solution is xo(t) = 0.
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buckling mode appears:
(t) sin (mrt)
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How realistic are these?

acl(t)

xo(t)

zo(t)

w3(t)




Sunkink on train tracks
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Constant Mean Curvature surfaces
Z" C Rn—H
hypersurface

Principal curvatures:
K1, K2, ..., Rp.

Definition
Y" C R has
Constant Mean
Curvature (CMC) if
Ki+--+Ky=2¢C
—_——

H(Z)

» Soap bubbles in R3 are CMC surfaces: round spheres
» General isoperimetric regions have CMC boundary
» Center of Mass in General Relativity: talk to Dan Leel!
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Roulette of a conic section

Theorem (Delaunay, 1841)

Profile curve of ¥ is the
roulette of a conic section.

—

¥ C R3 has CMC

Surface of revolution




Delaunay

fni

C.-E. Delaunay

Southeast side of the Eiffel tower:
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. ¥ %

Unduloid Catenoid Nodoid
(ellipse) (parabola) (hyperbola)

O~

Sphere Cylinder




Conics of varying eccentricity

ellipses parabola hyperbolae
O<exl e=1 l<e<+



Bifurcating Nodoids

Theorem (Mazzeo—Pacard, 2002)

There are infinitely many families of CMC
surfaces in R3 that bifurcate from nodoids as
their eccentricity goes to +00.
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Bifurcating Nodoids

Theorem (Mazzeo—Pacard, 2002)

There are infinitely many families of CMC
surfaces in R3 that bifurcate from nodoids as
their eccentricity goes to +00.

Symmetry-breaking:
Bifurcating surfaces are not of revolution!

Theorem (B.—Piccione, 2016)

There are infinitely many families of CMC
surfaces in cohomogeneity one manifolds that
bifurcate from homogeneous surfaces.
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Minimal surfaces

Definition
A surface with constant mean curvature H = 0 is minimal.

Trivial example on round spheres: equators

“_—

Question (Yau, 1987)

Are all minimal spheres in ellipsoids planar?



E(a,b,c,d):



Theorem (B.—Piccione, 2022)

As a /' +oo in the 3-dimensional ellipsoid E(a, b, c, d),
nonplanar minimal spheres bifurcate from (planar) equators.
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